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ALGEBRAIC APPROXIMATIONS OF COMPACT KÄHLER MANIFOLDS OF
ALGEBRAIC CODIMENSION 1
by
Hsueh-Yung Lin
Abstract. — For every compact Kähler manifold X of algebraic dimension a(X) = dimX − 1, we prove that X has
arbitrarily small deformations to some projective manifolds.
1 Introduction
1.1 The Kodaira problem
Let X be a compact Kähler manifold. An algebraic approximation of X is a deformation X → ∆ of X
such that up to shrinking ∆, the subset of ∆ parameterizing projective manifolds is dense. The so-called
Kodaira problem asks whether a compact Kähler manifold in general admits an algebraic approximation.
For compact Kähler surfaces, the Kodaira problem has a positive answer [16, Theorem 16.1] ; see also [28,
8, 12, 9, 19, 10] for other positive results. However starting from dimension 4, there exist compact Kähler
manifolds which cannot deform to any projective manifold at all (even homotopically) [31]. Despite these
works, the existence of algebraic approximations is still unknown for most compact Kähler manifolds.
Recall that the algebraic dimension a(X) of a compact complex manifold X is the transcendental degree
(over C) of its field of meromorphic functions. For compact Kähler manifolds, those satisfying a(X) =
dimX are exactly the projective ones by Moishezon’s criterion [21]. Among non-projective compact Kähler
manifolds, a(X) = dimX − 1 is the highest possible algebraic dimension. The aim of this text is to prove
that such manifolds have algebraic approximations.
Theorem 1.1. — Every compact Kähler manifold X of algebraic dimension a(X) = dimX − 1 admits an algebraic
approximation.
An elliptic fibration is a holomorphic surjective map f : X → B whose general fiber is an elliptic curve.
The algebraic reduction of a compact Kähler manifold X with a(X) = dimX − 1 is bimeromorphic to an
elliptic fibration over a projective variety [30, Theorem 12.4]. Conversely, a compact Kähler manifold X
bimeromorphic to an elliptic fibration X′ → B over a projective variety B has algebraic dimension
a(X) ≥ a(B) = dimB = dimX − 1.
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Thus we have the following variant of Theorem 1.1, which we will prove instead in this text.
Theorem 1.2 (Variant of Theorem 1.1). — Let X be a compact Kähler manifold. If X is bimeromorphic to the total
space of an elliptic fibration over a projective variety, then X has an algebraic approximation.
In [10], it was already proven that every compact KählermanifoldX as in Theorem 1.2 is bimeromorphic
to an elliptic fibration admitting an algebraic approximation.
Remark 1.3. — Theorem 1.2 fails in general if the base of the elliptic fibration is not assumed to be
projective : the product of an elliptic curve with Voisin’s example constructed in [31, Section 2] is a counter-
example [31, Proposition 1].
Thenotionof algebraic approximations canbedefinedmore generally for any compact complexmanifold
X : in the definition, we require instead that Moishezonmanifolds (i.e. compact complex manifolds X′ with
a(X′) = dimX′) are dense in the deformation X → ∆ of X (see Definition 2.4). Since small deformations
of Kähler manifolds remain Kähler, this definition of algebraic approximation coincides with the one
introduced at the beginning of the text for compact Kähler manifolds by Moishezon’s criterion. Recall that
the Fujiki classC is the collection of compact complex varietieswhich are bimeromorphic to compact Kähler
manifolds. As an immediate corollary of Theorem 1.1, we have the following more general statement.
Corollary 1.4. — Every compact complex variety X in the Fujiki class C with rational singularities and algebraic
dimension a(X) = dimX − 1 admits an algebraic approximation.
Proof. — Let X˜ → X be a bimeromorphic morphism from a compact Kähler manifold X˜. Since X has at
worst rational singularities, every deformation of X˜ induces a deformation of X˜ → X [27, Theorem 2.1]. As
a(X˜) = dim X˜ − 1, Corollary 1.4 follows from Theorem 1.1. 
Remark 1.5. — Small deformations of varieties in the Fujiki class C might no longer be in the Fujiki class
C [6, 18] and in the definition of algebraic approximations, it is not required that nearby fibers of the
deformation of X remain in the Fujiki class C .
In [20], wewill apply Theorem 1.1 to prove the existence of algebraic approximations for compact Kähler
threefolds, which was one of our motivations of this work. More precisely, note that since κ(X) ≤ a(X)
where κ(X) is the Kodaira dimension, Theorem 1.1 holds in particular for compact KählermanifoldsXwith
κ(X) = dimX − 1. We will apply Theorem 1.1 to cover the case of threefolds with κ = 2.
The rest of the introduction is devoted to an overview of the proof of Theorem 1.2.
1.2 Algebraic approximations and bimeromorphic models
Given a compact Kähler manifold X as in Theorem 1.2, we will prove Theorem 1.2 by constructing
a bimeromorphic model X d X′ of X together with an algebraic approximation of X′ which induces a
deformation of Xd X′.
In general, based on Ancona, Tomassini, and Bingener’s work on formal modifications [4], we will
observe that if X′ is a bimeromorphic model of a given compact complex varietyX and Y ⊂ X′ a subvariety
containing the locus that aremodifiedunder the bimeromorphicmapX′ d X, thenadeformationΠ : X ′ →
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∆ of X′ induces a deformation of X d X′ provided Π induces a trivial deformation of the completion Yˆ
of X′ along Y (1) . In particular if X is a compact Kähler manifold, then an algebraic approximation of X′
preserving Yˆ induces an algebraic approximation of X. The exact statement that we will prove and apply
is Proposition 5.1, allowing us to transform the problem of finding an algebraic approximation of X into
the problem of finding a bimeromorphic model X′ of X together with an algebraic approximation X ′ → ∆
of X′ preserving Yˆ for a certain subvariety Y ⊂ X′.
Let us return to the case where X is a compact complex manifold as in Theorem 1.2. By Hironaka’s
desingularization,X is bimeromorphic to the total space of an elliptic fibration f ′ : X′ → B over a projective
manifold B such that the discriminant locus ∆ ⊂ B is a simple normal crossing divisor. We can find a finite
Galois cover r : B˜ → B such that the base change f˜ ′ : X˜′ = X′ ×B B˜ → B˜ has local meromorphic sections at
every point of B˜ and the local monodromies ofH = (R1 f˜ ′∗Z)|B˜\∆˜ around ∆˜ = r
−1(∆) are unipotent. In order to
simplify the discussion, we shall first assume that the finite cover B˜ → B is trivial so that f ′ already satisfies
the later properties. Tacitly in the following discussion, these are the properties that we need in most of the
arguments involved in the proof of Theorem 1.2.
As we mentioned above, we will prove Theorem 1.2 by constructing a bimeromorphic model Xd X of
X together with an algebraic approximation of X preserving Yˆ, where Y ⊂ X is a subvariety containing the
locus that are modified under the bimeromorphic map Xd X. Up to a finite Galois cover, the bimeromor-
phic model that we consider will be the total space of some particular elliptic fibration f : X → B called
tautological model, and the algebraic approximation of X will be realized by a subfamily of the tautological
family associated to f . The next paragraph is an informal discussion on how these notions are introduced.
For the details, the reader is referred to Section 3.
1.3 Elliptic fibrations and tautological families
Let B be a compact complex manifold and ∆ ⊂ B a normal crossing divisor. To each local system H
of stalk Z2 over B⋆ := B\∆, we can associate a unique minimal Weierstraß fibration p : W → B, which
is an elliptic fibration satisfying (R1p∗Z)|B⋆ ≃ H [22, Theorem 2.5]. A minimal Weierstraß fibration can be
considered as a standard compactification of the Jacobian fibration J → B⋆ associated toH.
Let E (B,∆,H) be the set of bimeromorphic classes of elliptic fibrations f ′ : X′ → B such that f ′ is
smooth over B⋆ with (R1 f ′∗Z)|B⋆ ≃ H and admits local meromorphic sections over every point of B. Like
in the smooth case where smooth elliptic fibrations are torsors under their Jacobian fibrations, elements of
E (B,∆,H) can roughly be regardedas "meromorphicW-torsors" where p : W → B is theminimalWeierstraß
elliptic fibration associated to H. So if JH/B denotes the sheaf of abelian groups of germs of meromorphic
sections of p, then we have an injective map
η : E (B,∆,H) ֒→ H1(B,JH/B).
In general, not every element in H1(B,JH/B) corresponds to (the bimeromorphic class of) an elliptic
fibration.However, consider the subsheafJWH/B ⊂ JH/B of germsof local holomorphic sections of p : W → B
1. Usually the completion of X along a subvariety Y is denoted by Xˆ. In this text, since we want to keep track of the subvariety
along which the completion is done, we will often use the notation Yˆ instead of Xˆ.
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whose image is contained in the smooth locus of p, then each element η ∈ H1(B,J WH/B) corresponds to some
elliptic fibration pη : Wη → B, called the locallyWeierstraß fibration twisted by η. Torsion points ofH1(B,J WH/B)
correspond to elliptic fibrations that are projective. The sheaf J WH/B lies in the short exact sequence
0 j∗H LH/B J WH/B 0.
exp
(1.1)
where j : B⋆ ֒→ B is the inclusion andLH/B = R1p∗OW . Each η ∈ H1(B,J WH/B) comes equippedwith a family
of elliptic fibrations
Π : W → B × V → V := H1(B,LH/B)
parameterized by V that is tautological in the sense that the elliptic fibration parameterized by t ∈ V
corresponds to η + exp(t) ∈ H1(B,J WH/B).
More generally, let f ′ : X′ → B be an elliptic fibration such that X′ is a compact Kähler manifold.
Assume that the bimeromorphic class of f ′ lies in E (B,∆,H), then we can construct a bimeromorphic
model f : X → B of f ′ together with a family of elliptic fibrations
Π : X → B × V → V
which contains f as the central fiber and is tautological in the sense that the bimeromorphic class of the
elliptic fibration parameterized by t ∈ V corresponds to η( f ) + exp′(t) where exp′ is the composition of
exp : H1(B,LH/B)→ H1(B,J WH/B)
with H1(B,J WH/B) → H
1(B,JH/B) (see Proposition-Definition 3.16). We call f : X → B a tautological model
of f ′ and Π the tautological family associated to f . Such a family has already been constructed in [10] and
proven to be an algebraic approximation of f . Up to some finite Galois cover, this is how the bimeromorphic
version of Theorem 1.2 was proven in [10].
However, for such a bimeromorphic model f , there may be no algebraic approximation of X contained
in Π : W → V as a subfamily preserving the modification Xd X (for instance, this will be the case as long as
the subvariety Y ⊂ X along which X is modified is non-algebraic). To prove Theorem 1.2, we need to refine
our choice of bimeromorphic model. Let Ymin ⊂ X be the minimal subvariety which is modified under the
induced bimeromorphic map X d X and let Y := f−1( f (Ymin)). Up to replacing f ′ with a more carefully
constructed bimeromorphic model (see Step 2, 3, and 4 in the proof of Lemma 5.3), we may assume that
the projection Y → f (Y) has a multi-section. It is for the pair (X,Y) that we will prove that the tautological
familyΠ associated to f : X→ B contains a subfamily which is an algebraic approximation ofX preserving
the completion Yˆ of X along Y. Eventually it can be reduced to the case where f is a locally Weierstraß
fibration twisted by some η ∈ H1(B,J WH/B) and we will find algebraic approximations in the associated
tautological family using Hodge theory, as we will discuss in the next paragraph.
1.4 The Hodge theory of Weierstraß fibrations
With the same notations introduced in 1.3, a new ingredient in this work allowing us to go further
than [10] is the observation that H1(B, j∗H) can be endowed with a natural pure Z-Hodge structure of
weight 2 such that the map H1(B, j∗H) → H1(B,LH/B) induced by (1.1) is the projection to the (0, 2)-part
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(see Lemma 4.4). As j∗H → LH/B is isomorphic to R1p∗Z → R1p∗OW (Lemma 3.4) where p : W → B is
the minimal Weierstraß fibration associated to H, when p is smooth this result is a particular case of [32,
Theorem 2.9]. The Hodge-theoretic interpretation of H1(B, j∗H) → H1(B,LH/B) allows us to show without
difficulties that for every η ∈ H1(B,J WH/B), the subset of points t ∈ V = H
1(B,LH/B) such that η + exp(t) is
contained in the torsion part ofH1(B,J WH/B) is dense inV. This also gives an alternativeway (in comparison
to the proof of [10, Theorem 3.25]) closer to the spirit of [9, 19] to show that the tautological family Π is an
algebraic approximation.
Recall that we want to prove that the tautological family Π : W → B × V → V associated to η ∈
H1(B,J WH/B) contains a subfamily which is an algebraic approximation of p
η : Wη → B preserving the
completion Yˆ. First of all, it is easy to see that if ı : Z = pη(Y) ֒→ B is the inclusion, then the subfamily of Π
parameterized by
VZ := ker
(
ı∗ : H1(B,LH/B) → H1(Z, ı∗LH/B)
)
,
is a deformation of pη preservingY → Z (Lemma 3.2). However, we do not knowwhether ı∗ is the (0, 2)-part
of a morphism of pure Hodge structures of weight 2, so cannot (use Hodge theory to) conclude that the
subfamily parameterized by VZ is an algebraic approximation. So instead of ı : Z ֒→ B, we consider a
log-desingularization ı˜ : Z˜ → Z ֒→ B of the pair (Z\∆,Z\∆ ∩ ∆). By doing so, the pullback
ı˜∗ : H1(B,LH/B) → H1(Z˜, ı˜∗LH/B)
will be the (0, 2)-part of the morphism of pure Hodge structures
ı˜∗ : H1(B, j∗H) → H1(Z˜, jZ˜∗HZ˜)
of weight 2. We will then show that
VZ˜ := ker
(
ı˜∗ : H1(B,LH/B)→ H1(Z˜, ı∗LH/B)
)
⊂ VZ,
so the subfamily of Π parameterized by VZ˜ also preserves Y → Z (Proposition 4.11). Based on the assump-
tion that Y → Z has a multi-section, we will also show that this subfamily is an algebraic approximation
of pη (Proposition 4.6). The proofs of both Proposition 4.11 and Proposition 4.6 use Hodge theory in an
essential way. Another property that we can prove by Hodge theory is thatVZ˜ contains a latticeΛ such that
for every t ∈ VZ˜ and λ ∈ Λ, the elliptic fibrations parameterized by t and t+ λ are isomorphic (Lemma 4.7).
We summarize these results as follows for the sake of reference.
Proposition 1.6 (Proposition 4.6 + Lemma 4.7 + Proposition 4.11 without the G-action)
If Y → Z has a multi-section, then the tautological family Π contains a subfamily
Π
′ : WZ˜
q
−→ B × VZ˜ → VZ˜
parameterized by a linear subspace VZ˜ ⊂ H
1(B,LH/B) which is an algebraic approximation of pη preserving Y → Z.
Moreover, there exists a lattice Λ ⊂ VZ˜ such that t and t + λ parameterize isomorphic elliptic fibrations for each
t ∈ VZ˜ and λ ∈ Λ.
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Remark 1.7. — The assumption in Proposition 1.6 that Y → Z has a multi-section is also an obvious
necessary condition for pη to have an algebraic approximation preserving Y → Z. Indeed, if such an
algebraic approximation exists, then Y → Z is algebraic, thus admits a multi-section.
1.5 From subvarieties to the completions and the end of the proof
The geometric properties of the familyΠ′ described in Proposition 1.6 allow us to apply Lemma 4.18 to
deduce that Π′ preserves in fact the completion Yˆ → Zˆ of pη along Y → Z. The argument goes roughly as
follows : It suffices to prove by induction that the induced deformation Yn → Zn × VZ˜ → VZ˜ of the n-th
infinitesimal neighborhood Yn → Zn of Y → Z is trivial. Due to the flatness of q, we will see that each
fiber Yn,t of Yn → VZ˜ is a square-zero extension of Yn−1 by a sheaf F independent of t. Thus we have a
holomorphic map φ : VZ˜ → Ext
1(L•Yn−1 ,F ), which is constant if and only if Yn → VZ˜ is a trivial deformation
where Ext1(L•Yn−1 ,F ) is the vector space parameterizing square-zero extension of Yn−1 by F . We will see
that the last statement of Proposition 1.6 together with the induction hypothesis implies that φ factorizes
through VZ˜/Λ, which is a complex torus. Therefore φ is indeed constant.
This is an overview of the proof of Theorem 1.2 under the assumption that the Galois cover of r : B˜ → B
in 1.2 is trivial. If r is non-trivial with Galois group G, we replace f ′ in 1.2 with f˜ ′ : X˜′ = X′ ×B B˜ → B˜ and
run the whole argument sketched above for f˜ ′ in the G-equivariant setting. The algebraic approximation of
the chosen bimeromorphic model will be realized by the finite quotient of a subfamily of the tautological
family.
Remark 1.8. — Instead of constructing an algebraic approximation of X preserving Yˆ, one would have
tried to find directly an algebraic approximation X → ∆ of X such that a neighborhood U ⊂ X of Y
deforms trivially in X → ∆, which is the way we prove the existence of algebraic approximations of
compact Kähler threefolds with κ ≤ 1 in [20]. However for the elliptic fibrations that we consider in this
text, it is difficult (andmaybe impossible) to find such algebraic approximations in the tautological families.
This is why we choose to verify the weaker property that the completion Yˆ is preserved along X → ∆ and
use Proposition 5.1 to conclude.
This text is organized as follows. We will first introduce some basic terminology including various
definitions of deformations of complex spaces and maps in Section 2. In Section 3, we will recall and
improve some results of the theory of elliptic fibrations developed in [22, 24, 23, 10]. It is also in Section 3
thatwewill construct the tautological families (Proposition-Definition 3.16). Section 4 is theHodge-theoretic
part of the text.Wewill proveProposition 4.6, Proposition 4.11, and other related results therein. In Section 5,
we will prove Proposition 5.1 and finally the main result Theorem 1.2.
2 Preliminaries
2.1 Notation and terminology
In this text, a fibration is a proper holomorphic surjective map f : X → B between complex spaces. The
fiber of f over b ∈ B will frequently be denoted by Xb. A multi-section of f is a subvariety S ⊂ X such that
f|S is surjective and generically finite. A deformation of a complex space X is a flat surjective morphism
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Π : X → ∆ containing X as a fiber. Let f : X → B be a holomorphic map. A deformation of f is a composition
Π : X
q
−→ B × ∆
pr2
−−→ ∆ such that Π is flat and q|Xo : Xo → B equals f for some o ∈ ∆. Note that in our
definition, a deformation of f always preserves the base B.
LetG be a group andX a complex space endowedwith aG-action.We say that a deformationΠ : X → ∆
of X preserves the G-action if there exists a fiberwise G-action on X → ∆ extending the given G-action on
X. Similarly, let f : X → B be a G-equivariant map. We say that a deformation Π : X
q
−→ B × ∆
pr2
−−→ ∆ of f
preserves the G-action if there exists a fiberwise G-action on X → ∆ extending the G-action on X such that q
is G-equivariant.
Definition 2.1. —
i) Let Π : X → ∆ be a deformation of a complex variety X and let Y ⊂ X be an analytic subset. We say
that Π preserves Y if there exists Y ⊂ X such that Y is isomorphic to Y × ∆ over ∆.
ii) We say that Π preserves the completion Yˆ of X along Y if there exist Y ⊂ X and an isomorphism
Yˆ ≃ Yˆ × ∆ over ∆ where Yˆ is the completion of X along Y .
iii) Let Π : X
q
−→ B × ∆ → ∆ be a deformation of f : X → B and let Z be an analytic subset of B. We say
thatΠ preserves Y := f−1(Z) → Z if q−1(Z×∆) is isomorphic to Y×∆ over B×∆. We define in a similar
way deformations of f that preserve the completion Yˆ → Zˆ of f along Y → Z.
iv) Let G be a group acting on a complex variety X and Y ⊂ X a G-stable analytic subset. LetΠ : X → ∆
be a deformation of X preserving the G-action. We say thatΠ preserves G-equivariantly Y if there exists
a G-stable subvariety Y ⊂ X together with a G-equivariant isomorphism Y ≃ Y × ∆ over ∆. The
G-equivariant versions of ii) and iii) are defined similarly.
Definition 2.2. —
i) A deformation Π : X
q
−→ B × ∆ → ∆ of f : X → B is said to be locally trivial (over B) if there exists an
open cover {Ui} of B such that q−1(Ui × ∆) ≃ f−1(Ui) × ∆ over Ui × ∆.
ii) Let G be a group and f : X → B a G-equivariant map. We say that Π is G-equivariantly locally trivial
if Π preserves the G-action and the isomorphisms q−1(Ui × ∆) ≃ f−1(Ui) × ∆ above are G-equivariant
for some G-invariant open cover {Ui} of B.
Obviously, the quotient of a G-equivariantly locally trivial deformation is a locally trivial deformation.
Lemma 2.3 ([19, Lemma 2.2]). — If Π : X
q
−→ B × ∆ → ∆ is a G-equivariantly locally trivial deformation of a
G-equivariant fibration f : X → B for some finite group G, then the quotient X /G → (B/G) × ∆ → ∆ is a locally
trivial deformation of X/G → B/G.
Now we come to the notion of algebraic approximations. Recall that a compact complex variety X is
called Moishezon if its algebraic dimension a(X) equals dimX.
Definition 2.4 (Algebraic approximation). — Let X be a compact complex variety. An algebraic approxima-
tion of X is a deformation π : X → ∆ of X such that the subset of points in ∆ parameterizing Moishezon
varieties is dense for the Euclidean topology.
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2.2 Campana’s criterion
Let X be a complex variety. We say that X is algebraically connected if a general pair of points x, y ∈ X is
contained in a connected (but not necessarily irreducible) and complete curve in X. For a compact complex
varietyX in the Fujiki classC (i.e. bimeromorphic to a compact Kähler manifold), Campana shows thatX is
Moishezon if and only if X is algebraically connected [7, Corollaire, p.212]. Since we will mainly deal with
fibrations in curves over a projective base, here we state a variant of Campana’s criterion in this situation.
Theorem 2.5 (Campana). — Let f : X → B be a fibration whose general fiber is a curve. Assume that X is in the
Fujiki class C and B is projective, then X is Moishezon if and only if f has a multi-section.
3 Locally Weierstraß fibrations and tautological families
The theory of elliptic fibrations had first been developed by Kodaira for fibrations over a curve [16], then
by N. Nakayama in any dimension [22, 24, 23]. We will start with a concise summary of the part of the
theory of elliptic fibrations developed in [22, 24, 23, 10] that we will use in this text. Then we will construct
tautological models and the associated tautological families in 3.4 and 3.5.
3.1 Weierstraß fibrations
3.1.1 In the following we recall the definition of Weierstraß fibrations. These fibrations can be considered
as standard compactifications of Jacobian fibrations associated to smooth elliptic fibrations : we will see
that for every elliptic fibration f : X → B (over a complex manifold B), there exists a unique minimal
Weierstraß fibration p : W → B whose restriction to p−1(B⋆) is isomorphic to the Jacobian fibration J → B⋆
associated to the smooth part X⋆ → B⋆ of f .
Definition 3.1. — Let L be a line bundle over a complex space B and let
Z ∈ H0 (P,OP(1)) , X ∈ H0
(
P,OP(1) ⊗ p∗L (−2)
)
, and Y ∈ H0
(
P,OP(1) ⊗ p∗L (−3)
)
be the three coordinate sections of the projectivization P := P(O ⊕L 2 ⊕L 3).
i) A Weierstraß fibration is a fibration p : W := W(L , α, β) → B defined by the projection onto B of the
hypersurface in P defined by a nonzero section of the form
Y2Z − X3 − αXZ2 − βZ3 ∈ H0
(
P,OP(3) ⊗ p∗L (−6)
)
for some sections α ∈ H0(B,L (−4)) and β ∈ H0(B,L (−6)) such that a general fiber of p is smooth.
ii) Without assuming that a general fiber of p : W → B is smooth, p is called a singular Weierstraß
fibration.
iii) The section defined by Σ := {X = Z = 0} ⊂W is called the zero-section of p.
iv) A Weierstraß fibration defined above is called minimal if there is no prime divisor D ⊂ B such that
Div(α) ≥ 4D and Div(β) ≥ 6D.
v) A (singular) (minimal) locally Weierstraß fibration is a fibration f : X → B such that there exists an open
cover {Ui} of B such that each f−1(Ui) → Ui is a (singular) (minimal) Weierstraß fibration.
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Obviously, any base change W ×B Z → Z of a (singular) Weierstraß fibration W → B is still a (singular)
Wierstraß fibration. Locally a (singular) Weierstraß fibration p : W → B is a pullback of the standard
Weierstraß fibration {
Y2Z = X3 + aXZ2 + bZ3
}
⊂ P2 × C2
parameterized by (a, b) ∈ C2. So p is flat with irreducible and reduced fibers which are either elliptic curves,
nodal cubic curves, or cuspidal cubic curves.
When B is normal, the total space W of a Weierstraß fibration is also normal [22, 1.2.(1)]. The notion
of minimal Weierstraß fibrations first appears in [22] and the main interests of this notion reside in the
properties that, under the assumption that B is normal and the discriminant locus ∆ = Div(4α3 + 27β2) is a
normal crossing divisor, a Weierstraß fibration p : W → B is minimal if and only ifW has at worst rational
singularities [22, Corollary 2.4] ; also, when B is smooth, each bimeromorphic class of Weierstraß fibrations
contains a unique minimal Weierstraß fibration [22, Theorem 2.5].
3.1.2 Let p : W → B be a (singular) Weierstraß fibration and let W# ⊂ W denote the smooth locus of p.
The fibration W# → B can be considered as an analytic group variety over B with connected fibers whose
zero-section is Σ (see Definition 3.1.iii)). The relative tangent space at Σ is isomorphic to L [23, Lemma
5.1.1.(8)], so the exponential map induces a surjective morphism
exp : L J W (3.1)
where J W is the sheaf of germs of holomorphic sections of pwhose image is contained in W#. We also have
L ≃ R1p∗OW (3.2)
[22, 1.2.(6)] since fibers of p are curves of arithmetic genus 1.
Let B be a complex manifold and J → B⋆ a Jacobian fibration over a Zariski open B⋆ ⊂ B. By [22,
Theorem 2.5], there exists a unique minimal Weierstraß fibration p : W =W(L , α, β)→ B such that p−1(B⋆)
is isomorphic to J over B⋆. Since the local system H := (R1p∗Z)|B⋆ is uniquely determined by J → B⋆ up to
isomorphism, we also say that p : W → B is the minimal Weierstraß fibration associated to H. If f : X → B
is an elliptic fibration, then the minimal Weierstraß fibration associated to f is defined to be the minimal
Weierstraß fibration associated to (R1 f∗Z)|B⋆ where B⋆ ⊂ B is a Zariski open over which f is smooth. If G is
a group acting on B and on H in a compatible way, then by [22, Corollary 2.6], the G-action extends to a
G-action onW such that p is G-equivariant.
In the case where p : W → B is the minimal Weierstraß fibration associated toH, we use the notations
LH/B := L and J WH/B := J
W.
By [22, Proposition 2.10], the exponential map lies in the short exact sequence
0 j∗H LH/B J WH/B 0.
ϕ exp
(3.3)
where j : B⋆ ֒→ B is the inclusion. The restriction of (3.3) to B⋆ is the short exact sequence
0 H E :=H /F1H J 0. (3.4)
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where F1H is the first piece of the Hodge filtration of H := H ⊗ OB⋆ and J is the sheaf of germs of
holomorphic sections of J → B⋆.
3.1.3 The action of the group varietyW# over B onW# extends to aW#-action onW [23, Lemma 5.1.1.(7)],
so each Cˇech 1-cocycle η of the sheafJW defines a (singular) locallyWeierstraß fibration pη : Wη → B (cf. [10,
Construction 3.14]). If η′ is another 1-cocycle representing the same class in H1(B,J W), then Wη
′
≃ Wη
over B. We say that pη : Wη → B is the locally Weierstraß fibration associated to η (or twisted by η).
More generally, let G be a finite group and p : W → B a G-equivariant Weierstraß fibration such that the
zero-section Σ ⊂ W is G-stable. The sheaf J W is endowed with a natural G-action and to each element
ηG ∈ H1G(B,J
W), we can associate a G-equivariant locally Weierstraß fibration pη : Wη → B [10, Section
3.E]. For later use, we shall briefly recall the construction.
Given an element ηG ∈ H1G(B,J
W). Let {Ui}i∈I be a G-invariant good open cover of B and let G act on I
such that 1−1(Ui) = U1i. The element ηG can be represented by a 1-cocycle
{
(ηi j)i, j∈I, (η
1
i )i∈I,1∈G
}
where {ηi j} is
a 1-cocycle representing the image η of ηG in H1(B,J W) and η
1
i is a local section of J
W defined over Ui.
Let pη : Wη → B be the locally Weierstraß fibration twisted by η. Fix biholomorphic maps
ηi : W
η
i := (p
η)−1(Ui) →Wi := p−1(Ui)
such that ηi◦η−1j = tr(ηi j) where tr(ηi j) denotes the translation by the holomorphic section ηi j. For each 1 ∈ G,
the automorphism ψ1 : Wη → Wη that defines the G-action on pη : Wη → B associated to ηG is constructed
by patching together the isomorphisms
ψi1 := η
−1
i ◦ tr(η
1
i ) ◦ 1 ◦ η1i : W
η
1i →W
η
i .
Conversely, given a G-equivariant minimal locally Weierstraß fibration pη : Wη → B twisted by η ∈
H1(B,J W), at least when B is smooth we can also reconstruct the element ηG ∈ H1G(B,J
W) starting with
which pη is constructed. First of all, the G-action on pη induces a G-action onH := (R1pη∗Z)|B⋆ where B⋆ ⊂ B
is a Zariski open over which pη is smooth. By [22, Corollary 2.6], the G-action onH extends to a G-action on
W such that p is G-equivariant, and it is for this G-action we define the G-equivariant cohomology group
H1G(B,J
W). Now let {Ui} be a good open cover of B and let ηi : W
η
i →Wi be biholomorphic maps such that
ηi ◦ η
−1
j = tr(ηi j) for some 1-cocycle {ηi j} representing η ∈ H
1(B,J W). Let ψ1 : Wη → Wη be the action of
1 ∈ G onWη. We define
tr(η1i ) := ηi ◦ ψ1 ◦ η
−1
1i ◦ 1
−1.
The element ηG ∈ H1G(B,J
W) represented by the 1-cocycle
{
(ηi j), (η
1
i )
}
is the element we look for.
3.1.4 Let p : W → B be aWeierstraß fibration over a compact complexmanifold B. For each η ∈ H1(B,J W)
there exists a family of elliptic fibrations
Π : W
q
−→ B × V → V := H1(B,L )
such that the elliptic fibration parameterized by t ∈ V corresponds to η + exp(t) ∈ H1(B,J W) where
exp : H1(B,L ) → H1(B,J W)
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is the map induced by exp : L → J W . Indeed, let pr1 : B × V → B be the first projection and let
ξ ∈ V ⊗H0(V,OV) ≃ H1(B × V,pr∗1L )
be the element corresponding to the identity map IdV. Let
λη := pr∗1η + e˜xp(ξ) ∈ H
1(B × V,J W×V)
where
pr∗1 : H
1(B,J W)→ H1(B × V,J W×V)
is the map induced by pulling back sections J W → pr1∗J
W×V and
e˜xp : H1(B × V,pr∗1L )→ H
1(B × V,J W×V)
the map induced by exp : pr∗1L → J
W×V. Then the locally Weierstraß fibration q : W → B × V twisted by
λη will define such a familyΠ. The familyΠ is called the tautological family associated to η. Such a family can
also be constructed when p : W → B is a singular Weierstraß fibration.
If, in addition, the fibration p is G-equivariant for some finite group G such that the zero section
Σ ⊂ W is preserved under the G-action and assume that η is the image of a class ηG ∈ H1G(B,J
W), then
W G := Π−1(VG) can be endowed with a G-action such that the restriction q|W G is the G-equivariant locally
Weierstraß fibration twisted by
ληG := pr
∗
1ηG + e˜xpG(ξG) ∈ H
1
G(B × V
G,J W
G×VG)
where ξG ∈ VG⊗H0(VG,OVG) ≃ H1G(B×V,pr
∗
1L ) is the element corresponding to the identity map IdVG and
e˜xpG : H
1
G(B × V,pr
∗
1L )→ H
1
G(B × V,J
W×V)
is again the map induced by exp : pr∗1L → J
W×V. So each point t ∈ VG parameterizes the G-equivariant
locally Weierstraß fibration twisted by ηG + expG(t) ∈ H
1
G(B,J
W) in the tautological familyΠ.
For everyG-stable analytic subsetZ ⊂ B, the next lemma gives a standardway to produce a subspaceVGZ
of V along which the deformation of pη in the tautological family preserves G-equivariantly the fibration
(pη)−1(Z)→ Z contained in pη.
Lemma 3.2. — Let Z ⊂ B be a G-stable subvariety and let
VGZ = ker
(
ı∗ : H1(B,L ) → H1(Z, ı∗L )
)G
where ı : Z ֒→ B is the inclusion. Then the subfamily of the tautological family associated to ηG ∈ H1G(B,J
W)
parameterized by VGZ preserves the G-action and G-equivariantly the fibration W
η
Z := (p
η)−1(Z) → Z.
Proof. — We already saw that the subfamily parameterizedbyVGZ preserves theG-action. LetΨ : Z×V
G
Z ֒→
B × VG be the product of ı with VGZ ֒→ V. The restriction
Y := q−1(Z × VGZ ) → Z × V
G
Z
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of q to Y is the G-equivariant locally Weierstraß elliptic fibration twisted byΨ∗ληG ∈ H
1
G
(
Z × VGZ ,J
WZ×VGZ
)
whereWZ := p−1(Z) and
Ψ
∗ : H1G
(
B × VG,J W×V
G
)
→ H1G
(
Z × VGZ ,J
WZ×VGZ
)
is the map induced by pulling back sections J W×V
G
→ Ψ∗J
WZ×VGZ . By definition of ξG and VGZ , we have
Ψ
∗ξG = 0 ∈ H1(Z, ı∗L )G ⊗H0(VGZ ,OVGZ ).
SoΨ∗ληG = pr
∗
1ı
∗ηG where pr1 : Z × V
G
Z → Z is the first projection and
pr∗1 : H
1
G(Z,J
WZ ) → H1G
(
Z × VGZ ,J
WZ×VGZ
)
the map induced by J WZ → pr1∗J
WZ×VGZ . It follows that Y → Z × VGZ is G-equivariantly isomorphic to
WηZ × V
G
Z → Z × V
G
Z , which proves the first statement of Lemma 3.2. 
Finally, when p : W → B is the minimal Weierstraß fibration associated to H, it follows from (3.3) that t
and t′ ∈ H1(B,LH/B) parameterize isomorphic elliptic fibrations (over B) in Π if and only if t − t′ lies in the
image of H1(B, j∗H).
3.1.5 Let p : W → B be a Weierstraß fibration such that W is normal. As the codimension of W\W# in
W is at least 2, for every m ∈ Z, the multiplication-by-m map W# → W# extends to a meromorphic map
m : W d W. Gluing these maps locally, we obtain for each η ∈ H1(B,J W) a mapm : Wη d Wmη, which is
generically finite ifm , 0. An immediate consequence of the existence ofm is the following cohomological
criterion for the existence of a multi-section of pη : Wη → B.
Lemma 3.3. — Assume that W is normal. If η ∈ H1(B,J W) is torsion, then pη : Wη → B has a multi-section.
Proof. — Assume that m is the order of η, thenm : Wη dW defines a generically finite map ontoW. Thus
m−1(Σ) is a multi-section ofWη where we recall that Σ ⊂ W is the zero-section of p : W → B. 
The reader is referred to Lemma 3.7 for a converse of Lemma 3.3.
3.2 Locally Weierstraß fibrations over a smooth variety with a normal crossing discriminant divisor
3.2.1 Let p : W → B be a minimal Weierstraß fibration over a complex manifold and let ∆ ⊂ B be its
discriminant locus. In this paragraph,we assume that∆ is a normal crossing divisor. Under this assumption,
W, and more generally the total space of the fibration Wη → B twisted by η ∈ H1(B,J WH/B) have at worst
rational singularities [22, Corollary 2.4]. In this situation, the map ϕ in (3.3) can be described as follows.
Lemma 3.4 ([10, Lemma 3.15]). — Let p : W → B be the minimal Weierstraß fibration associated to H. Assume
that B is smooth and ∆ is a normal crossing divisor. Then ϕ : j∗H → LH/B is isomorphic to R1p∗Z → R1p∗OW
induced by Z ֒→ OW.
If the local monodromies ofH around ∆ are unipotent, then the construction of the minimal Weierstraß
fibration associated toH is functorial under pullback :
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Lemma 3.5 ([23, Remark on p.549]). — Let p : W := W(LH/B, α, β) → B be the minimal Weierstraß fibration
associated to a local system H. Assume that B is smooth and the discriminant locus ∆ of p is a normal crossing
divisor. Let ψ : Z → B be a holomorphic map from a complex manifold such that ∆′ := ψ−1(∆) is also a normal
crossing divisor. Let Z⋆ = Z\∆′ and H′ = ψ−1
|Z⋆H. If the local monodromies of H around ∆ are unipotent, then
LH′/Z ≃ ψ∗LH/B and the base change WZ :=W ×B Z→ Z is the minimal Weierstraß fibration associated toH′.
Proof. — This proof is pointed out to us by N. Nakayama. For simplicity, let L = LH/B and L ′ = LH′/Z.
As the local monodromies of H around ∆ are unipotent and W has at worst rational singularities, by [17,
Theorem 2.6] the sheaf R1p∗OW is isomorphic to Gr
0
FH¯ , the zeroth graded piece of the Hodge filtration
on the canonical extension H¯ of the VHS that H underlies. So L ≃ Gr0FH¯ by (3.2). Since the canonical
extension is functorial, if H¯ ′ denotes the canonical extension of the VHS that H′ underlies, then
L ′ ≃ Gr0FH¯
′ ≃ ψ∗Gr0FH¯ ≃ ψ
∗L .
Let p′ : W′ :=W′(L ′, α′, β′) → Z be theminimalWeierstraß fibration associated toH′. SinceWZ → Z and
W′ → Z are both Weierstraß fibrations extending the Jacobian fibration associated to H′, by [22, Lemma
1.4] there exists ε ∈ H0(Z⋆, ψ∗L ⊗ (L ′)∨) ≃ H0(Z⋆,OZ⋆) such that (ψ∗α)|Z⋆ = ε4α′|Z⋆ and (ψ
∗β)|Z⋆ = ε6β′|Z⋆ .
As ε4 is the restriction to Z⋆ of the meromorphic function (ψ∗α)/α′, ε extends to a meromorphic function
on Z (still denoted by ε). So ψ∗α = ε4α′ and ψ∗β = ε6β′. Since there is no prime divisor D of Z such that
Div(α′) ≥ 4D (resp. Div(α) ≥ 4D), ε has no pole (resp. no zero). ThereforeWZ ≃ W′ over Z, which proves
Lemma 3.5. 
3.2.2 Let f : X :=Wη → B be the locally Weierstraß fibration twisted by η ∈ H1(B,J WH/B). We still assume
that B is smooth and the discriminant locus ∆ is a normal crossing divisor. In addition to (3.3), the sheaf
J WH/B sits inside another short exact sequence
0 J WH/B R
1 f∗O×X Z 0. (3.5)
where R1 f∗O×X → Z maps locally a line bundle to the degree of its restriction to a general fiber of f . The
class η ∈ H1(B,J WH/B) coincides with the one associated to the extension (3.5) [10, short exact sequence (9)].
Now let f : X → B be an elliptic fibration such that both X and B are smooth, the discriminant locus
∆ ⊂ B is a normal crossing divisor, and f has local meromorphic sections at every point of B. For such an
elliptic fibration, there exists a short exact sequence similar to (3.5) : Let H := (R1 f∗Z)|B\∆ and let p : W → B
be the minimal Weierstraß fibration associated to H. Regarding the zero-section Σ ⊂ W as the neutral
element, let JH/B be the sheaf of abelian groups of germs of meromorphic sections of p. By [23, Lemma
5.4.8], there exists a short exact sequence
0 JH/B R1 f∗O×X/VX Z 0 (3.6)
where VX := ker
(
R1 f∗O×X → j∗ j
∗R1 f∗O×X
)
and the third arrow comes from the map R1 f∗O×X → Z defined by
the degree of a line bundle restricted to a general fiber as in (3.5).
By [23, Proposition 5.5.1], there exists an inclusion
η : E (B,∆,H) ֒→ H1(B,JH/B)
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where E (B,∆,H) is the set of bimeromorphic classes of elliptic fibrations f : X → B admitting local
meromorphic sections at every point of B and whose restriction over B\∆ is bimeromorphic to a smooth
fibration with (R1 f∗Z)|B\∆ ≃ H. The image η( f ) ∈ H1(B,JH/B) of f coincides with the element associated to
the extension (3.6). According to the above, there exists a map H1(B,J WH/B) → E (B,∆,H) which associates
η ∈ H1(B,J WH/B) to the bimeromorphic class of p
η : Wη → B and the composition
ıW : H1(B,J WH/B) → E (B,∆,H) ֒→ H
1(B,JH/B)
equals the map induced by the inclusion J WH/B ⊂ JH/B.
We can also generalize the above discussion to theG-equivariant setting [10, Section 3.E]. LetG be a finite
group acting on B and onH in a compatible way. Let EG(B,∆,H) denote the set of bimeromorphic classes of
G-equivariant elliptic fibrations f ∈ E (B,∆,H) such that (R1 f∗Z)|B\∆ is G-equivariantly isomorphic to H. (2)
To eachG-equivariant elliptic fibration f ∈ EG(B,∆,H), we can associate an element ηG( f ) ∈ H1G(B,JH/B) in
an injective manner using a similar construction to the one sketched in 3.1.3. According to the above, there
exists a mapH1G(B,J
W
H/B)→ EG(B,∆,H) that associates ηG ∈ H
1
G(B,J
W
H/B) to the bimeromorphic class of the
G-equivariant elliptic fibration pη : Wη → B and the composition
ıWG : H
1
G(B,J
W
H/B)→ EG(B,∆,H) ֒→ H
1
G(B,JH/B)
equals the map induced by the inclusion J WH/B ⊂ JH/B.
3.3 Kähler or projective elliptic fibrations
Let f : X → B be an elliptic fibration over a complex manifold B with a normal crossing discriminant
divisor. The aim of this paragraph is to recall further properties of f under the additional assumption that
X is in the Fujiki class C .
Given a minimal η-twisted locallyWeierstraß fibration pη : Wη → B over a compact Kähler manifold, we
have the following cohomological characterization for the total spaceWη to be bimeromorphically Kähler.
Proposition 3.6 ([10, Theorem 3.20 and Proposition 3.23]). — Let p : W → Bbe aminimalWeierstraß fibration
over a compact Kähler manifold and assume that the discriminant locus is a normal crossing divisor. Let η ∈
H1(B,J WH/B). The following assertions are equivalent.
i) The total space Wη is in the Fujiki class C .
ii) The "Chern class" c(η) of η is a torsion element, where c : H1(B,J WH/B) → H
2(B, j∗H) is defined to be the
connecting morphism induced by (3.3).
WhenWη is in the Fujiki class C and B is projective, we can prove the following converse of Lemma 3.3.
Lemma 3.7. — Let p : W → B be a minimal Weierstraß fibration and f : Wη → B the locally Weierstraß fibration
twisted by η ∈ H1(B,J WH/B). Assume that W
η is in the Fujiki class C and B is projective. If f has a multi-section,
then η is a torsion element.
2. We could have defined EG(B,∆,H) to be a larger set by allowing the G-action on the total space of f to be only meromorphic (but
still holomorphic over B\∆). However in this text, we will only consider G-actions that are holomorphic.
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Proof. — Since Wη is in the Fujiki class C , by Proposition 3.6 c(η) is torsion. So up to replacing η with
a larger multiple, we may assume that η = exp(t) for some t ∈ H1(B,LH/B). Since the multiplication by
m is generically finite, the elliptic fibration f : Wexp(t) → B still has a multi-section. For any m ∈ Z>0, a
multi-section of f can be pulled back to amulti-section of f ′ = f exp(t/m) : Wexp(t/m) → B under the generically
finite map m : Wexp(t/m) d Wexp(t). Assume that m is sufficiently large so that Wexp(t/m) is closed enough to
W in the tautological family associated to p : W → B. As B is projective, W is also projective. So Wexp(t/m),
being a small deformation of W with at worst rational singularities (because p : W → B is minimal), is
Kähler [25, Proposition 5]. Again as B is projective, Wexp(t/m) is Moishezon by Theorem 2.5. It follows that
Wexp(t/m) is projective [26, Theorem 1.6] and an ample line bundle on Wexp(t/m) gives rise to an element
s ∈ H0(B,R1 f ′∗O
×
Wexp(t/m)
) whose restriction to a general fiber of f ′ has nonzero degree. So the image of s in
H0(B,Z) under the map induced by (3.5) is not zero. Therefore exp(t/m) is torsion, so η is torsion aswell. 
At the end of 3.2, we introduced the map ıW : H1(B,J WH/B) → H
1(B,JH/B). This map is not surjective
in general. However when X is in the Fujiki class C , the cokernel of H1(B,J WH/B) → H
1(B,JH/B) is always
torsion.
Lemma 3.8 ([10, Lemma 3.19]). — Let f : X → B be an elliptic fibration over a compact complex manifold B.
Assume that the discriminant locus is a normal crossing divisor and f has local meromorphic sections over every
point of B. Let W → B be the minimal Weierstraß fibration associated to f . Assume that X is in the Fujiki class C ,
then there exists m ∈ Z\{0} such that
m · η( f ) ∈ Im
(
ıW : H1(B,J WH/B)→ H
1(B,JH/B)
)
.
For G-equivariant elliptic fibrations f : X → B, if the conclusion of Lemma 3.8 holds, then it also holds
G-equivariantly :
Lemma 3.9 ([10, Lemma 3.24]). — Let p : W → B be a G-equivariant Weierstraß fibration for some finite group
G such that the zero-section Σ ⊂ W is G-stable. Let ηG ∈ H1G(B,JH/B) and let η denote its image in H
1(B,JH/B).
Assume that there exist m ∈ Z>0 and η′ ∈ H1(B,J WH/B) such that mη = ı
W(η′), then up to replacing m with a larger
multiple of it, mηG can be lifted to an element in H1G(B,J
W
H/B).
3.4 Tautological models
Let B be a complex manifold and B⋆ ⊂ B a Zariski open such that B\B⋆ is a normal crossing divisor. Let
H be a local system of stalk Z2 over B⋆ and let G be a finite group acting on both B and H in a compatible
way. We denote by p : W → B be the minimal G-equivariant Weierstraß fibration associated to H. Given
ηG ∈ H1G(B,JH/B) and assume that mηG can be lifted to an element η
′
G ∈ H
1
G(B,J
W
H/B) for some m ∈ Z\{0}.
Let {Ui} be a G-invariant good open cover of B and
{
(ηi j), (η
1
i )
}
a 1-cocycle representing ηG ∈ H1G(B,JH/B).
In this paragraph, we will construct a G-equivariant elliptic fibration
f : X := X
(
m; (ηi j), (η
1
i ); η
′
G
)
→ B
representing ηG together with a G-equivariant finite holomorphicmap
m : X→Wη
′
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over B, where Wη
′
→ B is the G-equivariant locally Weierstraß fibration associated to η′G ∈ H
1
G(B,J
W
H/B).
The mapm generalizes the multiplication-by-mmap defined before. We will call this G-equivariant elliptic
fibration f a tautological model associated to ηG. The reason we call such an elliptic fibration a tautological
model is that in the next section, we will show that each tautological model f : X → B comes equipped
with a tautological family of elliptic fibrations parameterized by H1(B,LH/B) generalizing the one defined
before for twisted locally Weierstraß fibrations.
An argument similar to that of [23, Proposition 5.5.4] will allow us to construct f : X → B. For each
1 ∈ G, let φ1 : W →W be the biholomorphic map defining the G-action onW. Let
{
(η′i j), (η
′1
i )
}
be a 1-cocycle
representing η′G ∈ H
1
G(B,J
W
H/B). Let Wi = p
−1(Ui) andWi j = p−1(Ui j) where Ui j = Ui ∩U j. As mηG = ıWG (η
′
G),
there exist meromorphic sections σi ofWi → Ui such that
Wi j W ji
Wi j W ji
Wi j W ji
tr(ηi j)
mi j m ji
tr(mηi j)
tr(σi) tr(σ j)
∼
tr(η′i j)
and
W1i Wi
W1i Wi
W1i Wi
ψ
1
i :=tr(η
1
i )◦φ1
m1i mi
tr(mη1i )◦φ1
tr(σ1i) tr(σi)
∼
tr(η′1i )◦φ1
(3.7)
are commutative where the notation tr(σ) denotes the translation by the meromorphic section σ and mi
(resp.mi j) the restriction toWi (resp.Wi j) of the multiplication-by-mmapW d W. Let µi : Xi → Wi be the
finite map in the Stein factorization of tr(σi) ◦mi. Then there exist bimeromorphic maps hi : Xi d Wi over
Ui such that
Xi j X ji
Wi j W ji
hi j :=h−1j ◦tr(ηi j)◦hi
µi µ j
tr(η′i j)
and
X1i Xi
W1i Wi
h1i :=h
−1
i ◦ψ
1
i ◦h1i
µ1i µi
tr(η′1i )◦φ1
(3.8)
are commutative where Xi j := µi−1(Wi j) and X ji := µ j−1(W ji). As µi and µ j are finite and the varieties in (3.8)
are normal, the maps hi j and h
1
i are biholomorphic. Thus we obtain an elliptic fibration f : X → B by
gluing the Xi → Ui using the 1-cocycle {hi j} of biholomorphic maps. The maps h
1
i can also be glued to a
biholomorphic map ψ1 : X→ X using the cocycle condition of
{
(ηi j), (η
1
i )
}
and 1 7→ ψ1 defines a G-action on
X such that f : X→ B is G-equivariant. By construction, f is a G-equivariant elliptic fibration representing
ηG. We can also glue the µi and obtain a G-equivariant finite map m : X → Wη
′
, which generalizes the
multiplication-by-mmaps defined previously.
Definition 3.10. — Let ηG ∈ H1G(B,JH/B) be an element such that mηG can be lifted to an element η
′
G ∈
H1(B,J WH/B) for some integer m , 0. The G-equivariant elliptic fibration
f : X = X
(
m; (ηi j), (η
1
i ); η
′
G
)
→ B
representing ηG constructed above is called a (G-equivariant) tautological model (associated to ηG).
If the G-action is trivial (so that H1G(B,JH/B) = H
1(B,JH/B)), we will use the notation X
(
m; (ηi j); η′
)
instead of X
(
m; (ηi j), (0); η′
)
.
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Remark 3.11. — Up to isomorphism, the construction of f : X → B and m depends on m, the 1-cocycle{
(ηi j), (η
1
i )
}
representing ηG, and η′G. But it is easy to see from the construction that f andm do not depend
on the 1-cocycle
{
(η′i j), (η
′1
i )
}
representing η′G.
Remark 3.12. — Since the Stein factorization is functorial under flat pullbacks, the flat pullback of a
tautological model is still a tautological model.
The next lemma shows that a bimeromorphic class of elliptic fibrations [1] ∈ EG(B,∆,H) contains a
tautological model if the total space of 1 is in the Fujiki class C .
Lemma-Definition 3.13. — Let 1 : X → B be a G-equivariant elliptic fibration over a compact complex manifold
for some finite group G. Assume that X is in the Fujiki class C , 1 is smooth over the complement of a normal crossing
divisor in B, and 1 has local meromorphic sections over every point of B. Then the element ηG(1) ∈ H1G(B,JH/B)
associated to 1 has a tautological model, called a (G-equivariant) tautological model of 1.
Proof. — Let η be the image of ηG(1) in H1(B,JH/B). Since X is in the Fujiki class C , by Lemma 3.8 some
nonzero multiple of η can be lifted to an element in H1(B,J WH/B). So by Lemma 3.9, some nonzero multiple
of ηG can be lifted to an element η′G ∈ H
1
G(B,J
W
H/B). Thus ηG(1) has a tautological model. 
We finish this paragraph with some geometric properties of the tautological models.
Lemma 3.14. — The total space of f : X → B is normal and the discriminant locus ∆ f ⊂ B of f coincides with the
discriminant locus ∆ of the minimal Weierstraß fibration p : W → B associated to H.
Proof. — As µi : Xi → Wi is the finite map in a Stein factorization, each Xi is normal. So X is normal.
Since the restriction of p toW\p−1(∆ f ) is the minimal Weierstraß fibration associated to the restriction of
f to X\ f−1(∆ f ), which is a smooth fibration, we have ∆ ⊂ ∆ f . For the other inclusion, since a meromorphic
section of a smooth elliptic fibration over a smooth variety is holomorphic [24, Lemma 1.3.5], the bimero-
morphic maps in (3.7) are biholomorphic outside of p−1(∆). SoXi → Ui is isomorphic toWi → Ui overUi\∆.
In particular X → B is smooth over B\∆. 
Lemma 3.15. — If f : X → B is a tautological model associated to a G-equivariant elliptic fibration 1 : X → B
by virtue of Lemma-Definition 3.13, then there exists a G-equivariant bimeromorphic map X d X over B which is
biholomorphic over B\∆1 where ∆1 is the discriminant locus of 1.
Proof. — Since both f and 1 represent the same class ηG(1) ∈ H1G(B,JH/B), we have a G-equivariant
bimeromorphic map Xd X over B. Let p : W → B be the minimal Weierstraß fibration associated to 1 and
∆ the discriminant locus of p. Since ∆ ⊂ ∆1, by Lemma 3.14 f is smooth over B\∆1 ⊂ B\∆ = B\∆ f . As 1 is
also smooth over B\∆1, by [23, Lemma 5.3.3] Xd X is biholomorphic over B\∆1. 
3.5 The tautological family associated to a tautological model
We continue to use the notations introduced in the last paragraph. The goal of this paragraph is to
construct a family of elliptic fibrations parameterized by V := H1(B,LH/B) which contains f : X → B as
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the central fiber and which is tautological in the sense that the elliptic fibration parameterized by t ∈ V
represents η + exp′(t) ∈ H1(B,JH/B), where
exp′ : H1(B,LH/B) → H1(B,JH/B)
is the composition of exp : H1(B,LH/B) → H1(B,J WH/B) with ı
W : H1(B,J WH/B) → H
1(B,JH/B). Moreover, if
t ∈ VG, then t parameterizes the G-equivariant elliptic fibration representing ηG + exp′G(t) ∈ H
1
G(B,JH/B),
where
exp′G : H
1(B,LH/B)G → H1G(B,JH/B)
is defined similarly.When dimB = 1, tautological families have already been constructed byKodaira in [16].
In higher dimension, such families have also appeared in [23, Lemma 7.4.3] and [10, Lemma 4.1].
Proposition-Definition 3.16. — Let B be a compact complex manifold and B⋆ ⊂ B a Zariski open such that B\B⋆
is a normal crossing divisor. Let H be a local system of stalk Z2 over B⋆ and let G be a finite group acting on both B
and H in a compatible way. Let p : W → B denote the G-equivariant minimal Weierstraß fibration associated to H
and ∆ ⊂ B the discriminant divisor of p. Given ηG ∈ H1G(B,JH/B) and assume that mηG can be lifted to an element
η′G ∈ H
1
G(B,J
W
H/B) for some m ∈ Z\{0}. Consider the tautological model f : X = X
(
m; (ηi j), (η
1
i ); η
′
G
)
→ B of ηG
where
{
(ηi j), (η
1
i )
}
is a 1-cocycle representing ηG. Then there exists a family of elliptic fibrations
Π : X
q
−→ B × V → V := H1(B,LH/B)
satisfying the following properties.
i) (Tautologicality) The central fiber ofΠ is f : X→ B and the elliptic fibration parameterized by t ∈ V represents
the element η + exp′(t) ∈ H1(B,JH/B) where η ∈ H1(B,JH/B) is the image of ηG.
ii) (G-equivariance) There exists a G-action on X G := q−1(B × VG) such that the subfamily
Π
G : X G
qG:=q
|X G
−−−−−−→ B × VG → VG
of Π parameterized by VG is G-equivariantly locally trivial over B and the G-equivariant elliptic fibration
parameterized by t ∈ VG corresponds to ηG + exp′G(t) ∈ H
1
G(B,JH/B).
iii) (Multiplication-by-m) Let Π′ : W → B × V → V be the tautological family associated to the image η′ ∈
H1(B,J WH/B) of η
′
G. There exists a mapm : X → W over B × V whose restriction to each fiber over V is the
multiplication-by-m defined in 3.4. Over VG, the mapm is G-equivariant.
The family Π is called the tautological family associated to f : X → B.
Proof. — First we define 1-cocycle classes λ, λG, θ, and θG that we will use to construct the family Π and
the G-action over VG. Let
ξ ∈ V ⊗H0(V,OV) ≃ H1(B × V,Lpr−11 H/B×V),
ξG ∈ V
G ⊗H0(VG,OVG) ≃ H
1(B × VG,Lpr−11 H/B×VG)
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be the elements corresponding to the identity maps IdV and IdVG . Let pr1 : B×V → B be the first projection
and define
λ := pr∗1η + e˜xp
′(ξ) ∈ H1(B × V,Jpr−11 H/B×V),
λG := pr∗1ηG + e˜xp
′
G(ξG) ∈ H
1
G(B × V
G,Jpr−11 H/B×VG
),
θ := pr∗1η
′
+ e˜xp(mξ) ∈ H1(B × V,J W×V
pr−11 H/B×V
),
θG := pr∗1η
′
G + e˜xpG(mξG) ∈ H
1
G(B × V
G,J W×V
G
pr−11 H/B×V
G).
where pr∗1 : H
1(B,JH/B) → H1(B × V,Jpr−11 H/B×V) in the definition of λ is the map induced by JH/B →
pr1∗Jpr−11 H/B×V (the definitions of the other pr
∗
1 are similar), e˜xp is the map induced by exp : Lpr−11 H/B×V →
J W×V
pr−11 H/B×V
, and e˜xp′ is the composition of e˜xp with H1(B×V,J W×V
pr−11 H/B×V
) → H1(B×V,Jpr−11 H/B×V) (similar
for e˜xpG and e˜xp
′
G).
We specify the Cˇech 1-cocycles representing λ and λG as follows. Let {Ui}i∈I be a G-invariant good open
cover of B and let Ui j := Ui ∩U j. Let
{
(ηi j), (η
1
i )
}
be a 1-cocycle representing ηG ∈ H1G(B,JH/B) and let
η˜i j ∈ Jpr−11 H/B×V
(Ui j × V) and η˜
1
i ∈ Jpr−11 H/B×VG
(Ui × VG)
be the pullbacks of ηi j and η
1
i under Ui j × V → Ui j and Ui × V
G → Ui respectively. As V and VG are
contractible, {Ui × V} and {Ui × VG} are good covers of B × V and B × VG. Fix a G-invariant 1-cocycle (ξi j)
representing ξ. The 1-cocycles {λi j} and
{
(λ′i j), (λ
1
i )
}
we choose to represent λ and λG are defined by
λi j := η˜i j + exp(Ui j × V)(ξi j) ∈ Jpr−11 H/B×V(Ui j × V),
λ′i j := λi j |Ui j×VG ∈ Jpr−11 H/B×VG(Ui j × V
G),
λ
1
i := η˜
1
i ∈ Jpr−11 H/B×VG
(Ui × VG),
(3.9)
where exp : Lpr−11 H/B×V → J
W×V
pr−11 H/B×V
is the exponentialmap.We define the elliptic fibrations q : X → B×V
and qG : X G → B×VG to be the tautologicalmodelsX
(
m; (λi j);θ
)
→ B×V andX
(
m; (λ′i j), (λ
1
i );θG
)
→ B×VG.
In order to prove Proposition-Definition 3.16 for q and qG, we need to look into the construction of these
tautological models. This will also be useful when we prove Proposition 4.17 in Section 4.
Let
{
(η′i j), (η
′1
i )
}
be a 1-cocycle representing η′G and let
η˜′i j ∈ J
W×V
pr−11 H/B×V
(Ui j × V) and η˜
′1
i ∈ J
W×VG
pr−11 H/B×V
G(Ui × V
G)
be the pullbacks of η′i j and η
′1
i under Ui j × V → Ui j and Ui × V
G → Ui respectively. Define
θi j := η˜′i j + exp(Ui j × V)(mξi j) ∈ J
W×V
pr−11 H/B×V
(Ui j × V),
θ′i j := θi j |Ui j×VG ∈ J
W×VG
pr−11 H/B×V
G(Ui j × V
G),
θ
1
i := η˜
′1
i ∈ J
W×VG
pr−11 H/B×V
G(Ui × V
G),
(3.10)
so that θ and θG are represented by {θi j} and
{
(θ′i j), (θ
1
i )
}
. Since mηG = ıWG (η
′
G), up to refining {Ui} there exist
meromorphic sections σi of Wi := p−1(Ui) → Ui such that the 1-coboundary associated to {σi} modifies the
1-cocycle
{
(mηi j), (mη
1
i )
}
to
{
(η′i j), (η
′1
i )
}
. So by construction, the 1-coboundary associated to {σi × IdV} (resp.
{σi × IdVG}) modifies the 1-cocycle {mλi j} to {θi j} (resp.
{
(mλ′i j), (mλ
1
i )
}
to
{
(θ′i j), (θ
1
i )
}
). We emphasize that
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the 1-coboundaries modifying these 1-cocycles are of the form {σi × Id}, which we will use to deduce that
the bimeromorphic maps Xi × V d Wi × V induced by the Stein factorizations in the construction of the
tautological model are of the form hi × Id : Xi × V dWi × V.
As in the construction of f : X → B, ifmi andmi j denote the restrictions of the multiplication-by-mmap
W →W toWi andWi j := p−1(Ui j), then we have commutative diagrams
Wi j × V W ji × V
Wi j × V W ji × V
Wi j × V W ji × V
tr(λi j)
mi j×Id m ji×Id
tr(σi)×Id tr(σ j)×Id
∼
tr(θi j)
W1i × VG Wi × VG
W1i × VG Wi × VG
W1i × VG Wi × VG
ψ
1
i ×Id:=(tr(λ
1
i )◦φ1)×Id
m1i×Id mi×Id
tr(σ1i)×Id tr(σi)×Id
∼
φ1×Id
(3.11)
where φ1 : W → W denotes the action of 1 ∈ G on W induced by the G-action on H. Let µi : Xi → Wi be
the finite map in the Stein factorization of tr(σi) ◦mi and let Xi j := µ−1i (Wi j), X ji := µ
−1
j (W ji). Then there exist
bimeromorphic maps hi : Xi dWi over Ui such that
Xi j × V X ji × V
Wi j × V W ji × V
Hi j:=(h j×Id)−1◦tr(λi j)◦(hi×Id)
µi×Id µ j×Id
tr(θi j)
X1i × VG Xi × VG
W1i × VG Wi × VG
H1i :=(h−1i ◦ψ
1
i ◦h1i)×Id
µ1i×Id µi×Id
φ1×Id
(3.12)
are commutative. As both Xi and Wi are normal and µi is finite, the bimeromorphic maps Hi j and H
1
i are
biholomorphic. Thus by gluing the µi : Xi × V → Wi × V together using the 1-cocycle of biholomorphic
maps {Hi j}, we obtain a tautological model q : X → B×V of λ, a locallyWeierstraß fibration q′ : W → B×V
twisted by θ, and a finite surjective map m : X → W over B × V. Moreover, over B × VG the fibration
q (resp. q′) is the G-equivariant tautological model X G := X
(
m; (λ′i j), (λ
1
i );θG
)
→ B × VG (resp. the G-
equivariant locally Weierstraß fibration twisted by θG) and the restriction of m to X G is G-equivariant.
This is the construction of the family Π : X
q
−→ B × V → V together with the G-action on X G and the map
m : X → W .
Obviously ΠG is G-equivariantly locally trivial over B. By construction, the central fiber of ΠG is the
G-equivariant tautological model f . As the elliptic fibration Xt → B parameterized by t ∈ V in the family
Π is the tautological model X
(
m; (λi j|B×{t});θ|B×{t}
)
→ B associated to λ|B×{t} = η + exp′(t), it represents the
element η + exp′(t). Similarly, the elliptic fibration parameterized by t ∈ VG represents ηG + exp′G(t). This
proves Proposition-Definition 3.16. 
4 The Hodge theory of minimal Weierstraß fibrations
In this section, we will use Hodge theory to study minimal Weierstraß fibrations and derive some
geometric consequences on the tautological families introduced at the end of Section 3. Consider the
following hypotheses on an elliptic fibration f : X → B :
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Hypotheses 4.1. —
i) The base B is a projective manifold.
ii) The total space X is in the Fujiki class C .
iii) The discriminant locus ∆ ⊂ B is a normal crossing divisor.
iv) The local monodromies of H := (R1 f∗Z)|B\∆ around ∆ are unipotent.
The main result of this section that will be useful for proving Theorem 1.2 in Section 5 is the following.
Proposition 4.2. — Let G be a finite group and f : X → B a G-equivariant tautological model satisfying Hypo-
theses 4.1. Let Z ⊂ B be a G-stable subvariety. If f−1(Z\∆) → Z\∆ has a multi-section, then the tautological family
associated to f contains a subfamily
Π
′ : X ′ → B × V′ → V′
parameterized by some linear subspace V′ ⊂ H1(B,LH/B) such that Π′ is an algebraic approximation of X which
is G-equivariantly locally trivial over B and preserves G-equivariantly the completion f−1(Z)
∧
→ Zˆ of f along
f−1(Z) → Z.
We postpone the discussion on Hypotheses 4.1 to the beginning of 4.2. With the notations introduced
in Section 3, we will first observe in 4.1 that H1(B, j∗H) carries a natural (polarized) pure Hodge structure
of weight 2 such that H1(B, j∗H) → H1(B,LH/B) induced by (3.3) is the projection to its (0, 2)-part (see
Lemma 4.4). Then we will apply Lemma 4.4 to prove two results using Hodge theory (Proposition 4.6
and Proposition 4.11) in 4.2 and 4.3. With the notations in Proposition 4.2, the first one is the density of
the algebraic members in the subfamily of the tautological family parameterized by V′, and the second
one states that f−1(Z) → Z is preserved under the deformation of f along V′, both assuming that f is
a G-equivariant locally Weierstraß fibration twisted by some element ηG ∈ H1G(B,J
W
H/B). Based on these
results, we will prove Proposition 4.2 in 4.4.
4.1 A pure Hodge structure on H1(B, j∗H)
The following result about the degeneration of Leray spectral sequences holds for anyprojectivefibration
over a projective manifold whose fibers are irreducible curves.
Lemma 4.3. — Let p : W → B be a projective fibration over a projective manifold B such that fibers of p are
irreducible curves. Then the Leray spectral sequences of p computing H2(W,Q) and H2(W,OW) degenerate at E2. In
particular,
H1(B,R1p∗Q) ≃ ker
(
H2(W,Q)/p∗H2(B,Q)
ı∗
−→ H2(F,Q) ≃ Q
)
, (4.1)
where ı : F ֒→W is the inclusion of a fiber of p in W and
H1(B,R1p∗OW) ≃ H2(W,OW)/p∗H2(B,OB). (4.2)
For the Leray spectral sequence computing H2(W,Q), without assuming that B is smooth, we have
E0,2∞ = E
0,2
2 ≃ H
0(B,R2p∗Q) ≃ Q. (4.3)
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Proof. — We may assume that B is connected. LetW′ be a Kähler desingularization ofW. As the pullback
H j(B,Q) → H j(W′,Q) is injective (because B and W′ are compact Kähler manifolds), the map p∗ : E j,02 ≃
H j(B,Q) → H j(W,Q) through which it factorizes is also injective, especially for j = 2 or 3. So E2,0∞ = E
2,0
2 ≃
H2(B,Q) and E1,1∞ = E
1,1
2 ≃ H
1(B,R1p∗Q). As fibers of p are irreducible curves, R2p∗Q is a local system
of stalk Q. Since W is projective by assumption, the restriction of a very ample class [H] ∈ H2(W,Q) to
H2(F,Q) is nonzero. So H2(W,Q) → H0(B,R2p∗Q) is nonzero. In particular, R2p∗Q has a non-trivial section,
so R2p∗Q ≃ Q. It follows that H2(W,Q) → H0(B,R2p∗Q) ≃ Q, being nonzero, is surjective. Hence (4.3) holds
and (4.1) follows easily.
For the Leray spectral sequence computing H2(X,OX), by the same argument the pullback p∗ : E
j,0
2 ≃
H j(B,OB) → H j(W,OW) is injective, so E
2,0
∞ = E
2,0
2 and E
1,1
∞ = E
1,1
2 . As R
2p∗OW = 0 because fibers of p are
curves, we have E0,2∞ = E
0,2
2 = 0, which proves the degeneration of the Leray spectral sequence and (4.2). 
Using Lemma 4.3, we can now define a Hodge structure on H1(B, j∗H).
Lemma 4.4. — Let p : W → B be a minimal Weierstraß fibration over a projective manifold B. Assume that
the discriminant locus ∆ is a normal crossing divisor. The morphism H1(B, j∗H) ⊗ Q → H1(B,LH/B) induced by
φ : j∗H→ LH/B introduced in (3.3) is isomorphic to
ker
(
H2(W,Q)/p∗H2(B,Q)
ı∗
−→ H2(F,Q) ≃ Q
)
→ H2(W,OW)/p∗H2(B,OB) (4.4)
induced by Q ֒→ OW where ı : F ֒→ W is the inclusion of a fiber of p in W. In particular, there is a polarized
pure Z-Hodge structure of weight 2 on H1(B, j∗H) satisfying the Hodge symmetry and the morphism H1(B, j∗H)→
H1(B,LH/B) is the projection to the (0, 2)-part of the Hodge structure.
Finally, let ψ : Z→ B be a holomorphic map such that Z is a projective manifold and ψ−1(∆) is a normal crossing
divisor. Assume that the Weierstraß fibration W ×B Z→ Z is minimal, then the pullback
ψ∗ : H1(B, j∗H) → H1(Z, j′∗H
′)
is a morphism of Hodge structures where j′ : Z⋆ := Z\ψ−1(∆) ֒→ Z is the open immersion andH′ := ψ−1
|Z⋆H.
Proof. — By Lemma 3.4, the morphism H1(B, j∗H) → H1(B,LH/B) is isomorphic to
H1(B,R1p∗Z) → H1(B,R1p∗OW)
and by Lemma 4.3, H1(B,R1p∗Q) → H1(B,R1p∗OW) is isomorphic to (4.4), which proves the first statement.
Since p : W → B is aminimalWeierstraßfibration,W has atworst rational singularities. So the underlying
Hodge structure onH2(W,Z) is pure of weight 2 satisfying theHodge symmetry andH2(W,Z) → H2(W,OW)
is the projection to its (0, 2)-part [2, Lemma 2.1 and Corollary 2.3.(1)]. As the (0, 2)-part of H2(F,Q) is
trivial, (4.4) is the projection of a Hodge structure to its (0, 2)-part. This defines a polarized pure Hodge
structure of weight 2 on H1(B, j∗H) satisfying the Hodge symmetry such that H1(B, j∗H) → H1(B,LH/B) is
the projection to its (0, 2)-part.
The pullback ψ∗ in the last statement is defined to be the composition
H1(B, j∗H)
ψ∗
−→ H1(Z, ψ−1( j∗H)) = H1(Z, j′∗H
′).
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From the isomorphism
H1(B, j∗H) ⊗Q ≃ ker
(
H2(W,Q)/p∗H2(B,Q)→ H2(F,Q) ≃ Q
)
and the similar one forH1(Z, j′∗H
′)⊗Q, it follows immediately that the pullbackψ∗ : H1(B, j∗H) → H1(Z, j′∗H
′)
is a morphism of Hodge structures. 
Remark 4.5. — In particular, Lemma 4.4 implies that H1(B, j∗H) ⊗ R → H1(B,LH/B) is surjective. This
gives an alternative proof of the equivalent statement that the tautological family of a minimal Weierstraß
fibration over a compact Kähler manifold is an algebraic approximation [10, Theorem 3.25 and Remark
3.26].
4.2 Density of algebraic elliptic fibrations in the tautological family
In most of the statements we prove in the rest of Section 4 about elliptic fibrations, we will assume
Hypotheses 4.1. Some of the hypotheses therein are considered for the following reasons. As we will apply
Lemma 4.4 to define a Hodge structure on H1(B, j∗H), we need to assume that B is a projective manifold
and the discriminant locus ∆ a normal crossing divisor. Since the Hodge structure on H1(B, j∗H) is defined
using theminimalWeierstraß fibration associated toH andwewant this construction to be functorial under
reasonable pullback, the corresponding pullback of the minimal Weierstraß fibration associated toH need
to be minimal. By Lemma 3.5, this can be achieved if we assume that the local monodromies of H around
∆ are unipotent.
Our first application of Lemma 4.4 is the following density result.
Proposition 4.6. — Let f : X = Wη → B be a G-equivariant locally Weierstraß fibration twisted by
η ∈ H1(B,J WH/B) satisfying Hypotheses 4.1 for some finite group G. Let Z ⊂ B be a G-stable subvariety such
that none of the irreducible components of Z is contained in ∆ and let ı : Z˜
τ
−→ Z ֒→ B be a G-equivariant log-
desingularization of (Z,Z∩∆). Assume that Y := f−1(Z) → Z has a multi-section, then the subfamily parameterized
by
VG
Z˜
:= ker
(
ı∗ : H1(B,LH/B) → H1(Z˜, ı∗LH/B)
)G
of the tautological family Π : W → B × V → V associated to f is an algebraic approximation of X.
While proving Proposition 4.6, we will also prove the following lemma along the way.
Lemma 4.7. — In the setting of Proposition 4.6, there exists a lattice Λ ⊂ VG
Z˜
such that Wt is isomorphic to Wt+λ
over B for all t ∈ VG
Z˜
and λ ∈ Λ.
Proof of Proposition 4.6 and Lemma 4.7. — To prove Proposition 4.6, it suffices by Theorem 2.5 to prove that
the subset of VG
Z˜
parameterizing elliptic fibrations admitting a multi-section in the tautological family Π is
dense inVG
Z˜
(for the Euclidean topology). By Lemma 3.3, it suffices to show thatVG
Z˜
contains a dense subset
Vtors such that η + exp(t) ∈ H1(B,J WH/B) is torsion for all t ∈ Vtors.
We need the following two lemmas. Let jZ˜ : Z˜
⋆ := Z˜\ı−1(∆) ֒→ Z˜ be the open embedding and HZ˜ :=
(ı−1H)|Z˜⋆ . Let
φ : H1(B, j∗H) ⊗Q→ H1(B,LH/B)
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denote the map induced by j∗H→ LH/B introduced in (3.3) and let
ı∗ : H1(B, j∗H)G → H1(Z˜, jZ˜∗HZ˜)
be the restriction to H1(B, j∗H)G of the pullback H1(B, j∗H) → H1(Z˜, jZ˜∗HZ˜).
Lemma 4.8. — Let K := ker
(
ı∗ : H1(B, j∗H)G → H1(Z˜, jZ˜∗HZ˜)
)
. Then φ(KQ) is dense in VGZ˜ .
In order to state the second lemma, recall that since X is in the Fujiki class C , c(η) is torsion by Proposi-
tion 3.6. So there exist m ∈ Z>0 and β ∈ H1(B,LH/B) such that exp(β) = mη. Since G is finite, up to replacing
m with a larger multiple of it, we may assume that β ∈ H1(B,LH/B)G.
Lemma 4.9. — Up to replacing m with a larger multiple of it, there exists α ∈ H1(B, j∗H)G such that β−φ(α) ∈ VGZ˜ .
Let us admit Lemma 4.8 and 4.9 for the moment and finish the proof. As φ(KQ) is dense in VGZ˜ by
Lemma 4.8 and β−φ(α) ∈ VG
Z˜
by Lemma 4.9, the subset V′ := β−φ(α)−φ(KQ) is dense in VGZ˜ . If t ∈ V
′, then
β − t ∈ Im(φ), so mη − exp(t) = exp(β − t) ∈ H1(B,J WH/B) is torsion. It follows that η + exp(t) ∈ H
1(B,JH/B)
is torsion whenever t is in the dense subset Vtors := 1mV
′ of VG
Z˜
, which proves Proposition 4.6. To prove
Lemma 4.7, note that Lemma 4.8 implies that φ(K) contains a lattice Λ of VG
Z˜
. As K ⊂ H1(B, j∗H), we have
Wt ≃ Wt+λ over B for all t ∈ VGZ˜ and λ ∈ Λ. 
Now we prove Lemma 4.8 and 4.9. Both proofs use Hodge theory in an essential way.
Proof of Lemma 4.8 and Lemma 4.9. — Since (Z˜, ı−1(∆)) is a log-smooth projective pair and since the local
monodromies of H around ∆ are assumed to be unipotent, by Lemma 3.5 LHZ˜/Z˜ = ı
∗LH/B and the base
change WZ˜ := W ×B Z˜ → Z˜ by ı : Z˜ → B of the minimal Weierstraß fibration p : W → B associated to H is
the minimal Weierstraß fibration associated toHZ˜. Also, since both B and Z˜ are projective manifolds and ∆
and ı−1(∆) are normal crossing divisors, by Lemma 4.4 K is a pure Hodge structure of weight 2 satisfying
the Hodge symmetry and the restriction of φ to KQ is the projection of KQ to its (0, 2)-part
ker
(
H1(B,LH/B)G → H1(Z˜,LHZ˜/Z˜)
)
= ker
(
H1(B,LH/B)G → H1(Z˜, ı∗LH/B)
)
= VG
Z˜
.
Hence φ(KQ) is dense in VGZ˜ , which proves Lemma 4.8.
The short exact sequence (3.3) togetherwith its pullback by ı induces the following commutative diagram
with exact rows.
H1(B, j∗H) H1(B,LH/B) H1(B,J WH/B)
H1(Z˜, ( jZ˜)∗HZ˜) H
1(Z˜,LHZ˜/Z˜) H
1(Z˜,J WZ˜
HZ˜/Z˜
)
φ
ı∗ ı0,2
exp
ı∗
φZ˜ exp
Here in this proof, we use ı0,2 to denote the pullback ı∗ : H1(B,LH/B) → H1(Z˜,LHZ˜/Z˜).
Let 1 : Y := X ×B Z˜ → Z˜, which is isomorphic to the locally Weierstraß fibration W
ı∗η
Z˜
→ Z˜ twisted by
ı∗η ∈ H1(Z˜,J WZ˜
HZ˜/Z˜
). Since 1 has a multi-section by assumption and Y is in the Fujiki class C , ı∗η is torsion by
Lemma 3.7. Therefore up to replacing m with a larger multiple, exp(ı0,2(β)) = 0, thus again up to replacing
m with a larger multiple of it, there exists α0 ∈ H1(Z˜, ( jZ˜)∗HZ˜)
G such that φZ˜(α0) = ı
0,2(β).
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Let H := H1(B, j∗H) and HZ˜ := H
1(Z˜, ( jZ˜)∗HZ˜) for simplicity. As HZ˜ is a polarized Hodge structure, there
exists aQ-Hodge structureH′Q such thatHZ˜⊗Q = ı
∗HGQ⊕H
′
Q. As φZ˜ is the projection of the Hodge structure
to its (0, 2)-part by Lemma 4.4, φZ˜ : ı
∗HGQ ⊕ H
′
Q → ı
0,2(H0,2)G ⊕ H′0,2 preserves the two factors in the direct
sum where H0,2 and H′0,2 are the (0, 2)-parts of HQ and H′Q. So since β ∈ H
1(B,LH/B)G = (H0,2)G where the
equality follows from Lemma 4.4, there exists α ∈ HGQ such that φZ˜(ı
∗α) = ı0,2(β). As φZ˜(ı
∗α) = ı0,2(φ(α)), we
have ı0,2(β − φ(α)) = 0. Hence β − φ(α) ∈ VG
Z˜
. 
Remark 4.10. — In Lemma 4.7, the hypotheses that the total space X is in the Fujiki class C and Y → Z
has a multi-section are unnecessary.
4.3 A stability result
Let f : Wη → B be an η-twisted locally Weierstraß fibration satisfying Hypotheses 4.1 for some η ∈
H1(B,J WH/B). Let Z ⊂ B be a subvariety of B. In the last paragraph, we showed that if f
−1(Z\∆)→ Z\∆ =: Z0
has a multi-section, then the subfamily parameterized by
VZ˜0 = ker
(
ı˜∗0 : H
1(B,LH/B)→ H1(Z˜0, ı˜∗0LH/B)
)
of the tautological family associated to f is an algebraic approximation of f where ı˜0 : Z˜0 → Z0 ⊂ B is
a projective log-desingularization of (Z0,Z0 ∩ ∆). Our next application of Lemma 4.4 is to show that this
subfamily preserves the fibration f−1(Z) → Z.
Proposition 4.11. — Let η ∈ H1(B,J WH/B) and f : W
η → B be the associated locally Weierstraß fibration. Assume
that f satisfies Hypotheses 4.1. Let Z ⊂ B be a subvariety of B and Z0 := Z\∆. Let ı˜0 : Z˜0
τ0
−→ Z0 ֒→ B be a projective
log-desingularization of (Z0,Z0 ∩ ∆). Then the subfamily of the tautological family associated to f parameterized by
VZ˜0 := ker
(
ı˜∗0 : H
1(B,LH/B) → H1(Z˜0, ı˜∗0LH/B)
)
preserves the fibration f−1(Z)→ Z.
We first prove some auxiliary results before we start the proof of Proposition 4.11. Let f : W → B be a
Weierstraß fibration over a projective manifold and ψ : Z→ B a map from a projective manifold Z.
Lemma 4.12. — Assume that the image of ψ : Z → B is contained in the discriminant locus ∆. Let p : Y :=
W ×B Z → Z denote the base change fibration and τ : Y˜ → Y a minimal desingularization of Y such that Y˜ is
projective. Let p˜ := p◦τ. Then the quotient H2(Y˜,Z)/p˜∗H2(Z,Z) is a pure Hodge structure of weight two concentrated
in bi-degree (1, 1).
Proof. — It suffices to show that p˜∗ : H0(Z,Ω2Z) → H
0(Y˜,Ω2
Y˜
) is an isomorphism. Themorphism p˜∗ is injective
because p˜ is a surjective map between projective manifolds. All we need to prove is that h2,0(Z) ≥ h2,0(Y˜).
Since the zero-section Σ ⊂ W of f : W → B is contained in the smooth locus of f , its pullback to p : Y → Z
lies in the smooth part of Y, so p˜ has a holomorphic section σ : Z→ Y˜. Consider the pushforward
χ : (p˜)∗Ω2Y˜ → (p˜ ◦ σ)∗Ω
2
Z = Ω
2
Z
ofΩ2
Y˜
→ σ∗Ω
2
Z by p˜. Since p˜ is a P
1-bundle over a dense Zariski open of Z, χ is generically an isomorphism.
Moreover since (p˜)∗Ω2Y˜ is torsion free, χ is injective. It follows that h
2,0(Z) ≥ h2,0(Y˜). 
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Lemma 4.12 will be used to prove the following result.
Lemma 4.13. — In the setting of Lemma 4.12, assume that f : W → B is a minimal Weierstraß fibration. If we
define
K0 := ker
(
H2(W,Z)/ f ∗H2(B,Z)
ψ∗
−→ H2(Y,Z)/p∗H2(Z,Z)
)
,
then K0 is a pure sub-Hodge structure of H2(W,Z)/ f ∗H2(B,Z) of weight 2 whose (0, 2)-part coincides with that of
H2(W,Z)/ f ∗H2(B,Z), which is H2(W,OW)/ f ∗H2(B,OB).
Proof. — Since p is assumed to beminimal,W has at worst rational singularities. It follows from [2, Lemma
2.1] that the underlying Hodge structure of H2(W,Z)/ f ∗H2(B,Z) is pure of weight 2, and so is K0. Let
H := H2(W,C)/ f ∗H2(B,C) and H′ := H2(Y,C)/p∗H2(Z,C) for simplicity. The map ψ∗ is a morphism of mixed
Hodge structures and it suffices to show that ψ∗(F1H) = ψ∗(H) to prove the assertion about the (0, 2)-part of
K0.
To this end, let α ∈ H. Let ψ¯ : H → Gr0WH
′ be the composition of ψ∗ with the projection H′ → Gr0WH
′.
By Lemma 4.12, Gr0WH
′ ⊂ H2(Y˜,C)/p˜∗H2(Z,C) is a pure Hodge structure of weight two concentrated in
bi-degree (1, 1), so ψ¯(H) = F1Gr0WH
′ ∩ ψ¯(H) = ψ¯(F1H). Thus there exist β ∈ F1H and γ ∈ W−1H′ such that
ψ∗(α) = ψ∗(β) + γ. Since Imψ∗ ∩W−1H′ = ψ∗(W−1H) = 0 as H is pure, we have γ = ψ∗(α − β) = 0. Hence
ψ∗(α) = ψ∗(β) ∈ ψ∗(F1H). 
Proof of Proposition 4.11. — By Lemma 3.2, it suffices to prove that the restriction to VZ˜0 of the pullback
ı∗ : H1(B,LH/B) → H1(Z, ı∗LH/B) by the inclusion ı : Z ֒→ B is zero.
For simplicity, we may assume that Z contains ∆. Let τ∆ : ∆˜→ ∆ be a desingularization of ∆ and let
τ := (τ0 ⊔ τ∆) : Z˜ := Z˜0 ⊔ ∆˜→ Z.
We denote by p : W → B the minimal Weierstraß fibration associated toH = (R1 f∗Z)|B\∆ and let
q : Y :=W ×B Z → Z,
q˜0 : Y˜0 :=W ×B Z˜0 → Z˜0,
q˜∆ : D˜ :=W ×B ∆˜→ ∆˜,
q˜ : Y˜ :=W ×B Z˜ → Z˜
be various base changes of p : W → B. Let ı˜ := ı ◦ τ and
K := ker
(
ı˜∗ : H2(W,C)/p∗H2(B,C)→ H2(Y˜,C)/q˜∗H2(Z˜,C)
)
.
We have a commutative diagram
K
H2(W,C)
p∗H2(B,C)
H2(Y,C)
q∗H2(Z,C)
H2(Y˜,C)
(τ ◦ q˜)∗H2(Z,C)
H2(Y˜,C)
q˜∗H2(Z˜,C)
VZ˜0 H
1(B,LH/B) H1(Z, ı∗LH/B) H1(Z˜, ı˜∗LH/B)
π
α β γ
(4.5)
where the arrows are defined as follows. The horizontal arrows (except the leftmost ones) are induced
by pullbacks under various morphisms. The map H2(Y,C)/q∗H2(Z,C) → H1(Z, ı∗LH/B) is defined to be the
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composition
H2(Y,C)/q∗H2(Z,C) → H2(Y,OY)/q∗H2(Z,OZ) ≃ H1(Z,R1q∗OY) ≃ H1(Z, ı∗R1p∗OW) ≃ H1(Z, ı∗LH/B),
where the first and the third isomorphisms result from Lemma 4.3 and Lemma 3.4 respectively, and the
second from the base change theorem since Y → Z is the base change of the flat fibrationW → B. The other
vertical arrows are defined similarly except for π. As
H1(Z˜, ı˜∗LH/B) = H1(∆˜, ı˜∗∆LH/B) ⊕H
1(Z˜0, ı˜∗0LH/B)
where ı˜i := ı ◦ τi and the composition
K
H2(W,C)
p∗H2(B,C)
H1(B,LH/B) H1(Z˜, ı˜∗LH/B) H1(Z˜0, ı˜∗0LH/B)ı˜∗
ı˜∗0
pr2
is zero, the image of the composition K → H2(W,C)/p∗H2(B,C) → H1(B,LH/B) is contained in VZ˜0 , which
defines π : K → VZ˜0 in (4.5).
Lemma 4.14. — The map π : K → VZ˜0 is the projection of the (pure) Hodge structure K of weight 2 onto its
(0, 2)-part. In particular, π is surjective.
Proof. — First of all
H2(Y˜,C)
q˜∗H2(Z˜,C)
=
H2(Y˜∆,C)
q˜∗
∆
H2(∆˜,C)
⊕
H2(Y˜0,C)
q˜∗0H
2(Z˜0,C)
,
so
K = ker
(
K0 ֒→ H2(W,C)/p∗H2(B,C)
ı˜∗0
−→ H2(Y˜0,C)/q˜∗0H
2(Z˜0,C)
)
where
K0 := ker
(
ı˜∗
∆
: H2(W,C)/p∗H2(B,C)→ H2(Y˜∆,C)/q˜∗∆H
2(∆˜,C)
)
.
By Lemma 4.13, since ∆ ⊂ ∆, K0 is a pure Hodge structure of weight 2 whose (0, 2)-part is iso-
morphic to that of H2(W,C)/p∗H2(B,C), which is H2(W,OW)/p∗H2(B,OB), and is further isomorphic to
H1(B,LH/B) by Lemma 4.4. By Lemma 3.5, q˜0 : Y˜0 → Z˜0 is the minimal Weierstraß fibration associa-
ted to H′ := ı˜−1
|Z˜0\ı˜−1(∆)
H and LH′/Z˜0 = ı˜
∗
0LH/B. So again by Lemma 4.4, H
2(Y˜0,C)/q˜∗0H
2(Z˜0,C) is a pure
Hodge structure of weight 2 whose (0, 2)-part is isomorphic to H1(Z˜0,LH′/Z˜0) = H
1(Z˜0, ı˜∗0LH/B). Therefore
VZ˜0 = ker
(
ı˜∗0 : H
1(B,LH/B) → H1(Z˜0, ı˜∗0LH/B)
)
is the (0, 2)-part of the pureHodge structureK of weight 2. 
Lemma 4.15. — In (4.5), the restriction of γ to Im(β) is injective.
Proof. — First of all let E•,•
•,Y and E
•,•
•,Y˜
be the Leray spectral sequences of q : Y → Z and q˜ : Y˜ → Z˜
computing H2(Y,Q) and H2(Y˜,Q) respectively. By Lemma 4.3, we have E0,2
∞,Y ≃ H
0(Z,R2q∗Q) ≃ Q and
E0,2
∞,Y˜
≃ H0(Z˜,R2q˜∗Q) ≃ Q.
Let ξ ∈ H2(Y,Q) such that τ∗Yξ ∈ q˜
∗H2(Z˜,Q) where τ∗Y : H
2(Y,Q) → H2(Y˜,Q) is the pullback by the
projection τY : Y˜ = Y×Z Z˜ → Y. Since τ∗Yξ ∈ q˜
∗H2(Z˜,Q), the projection of τ∗Yξ in E
0,2
∞,Y˜
is zero. As the pullback
τ∗ : Q ≃ H0(Z,R2q∗Q) → H0(Z˜,R2q˜∗Q) ≃ Q
is an isomorphism, it follows that the projection of ξ in E0,2
∞,Y is zero. So ξ ∈ L
1H2(Y,Q).
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It remains to show that the projection of ξ in E1,1
∞,Y is zero, so that ξ ∈ E
2,0
∞,Y = q
∗H2(Z,Q). Note that since
τ∗Yξ ∈ q˜
∗H2(Z˜,Q), the image of τ∗Yξ in E
1,1
∞,Y˜
is zero. Thus it suffices to show that the pullback E1,1
∞,Y → E
1,1
∞,Y˜
is
injective. Since E1,1
∞,Y → E
1,1
∞,Y˜
is contained in E1,12,Y → E
1,1
2,Y˜
, it suffices to show thatH1(Z,R1q∗Q) → H1(Z˜,R1q˜∗Q)
is injective.
By the base change theorem [14, VII.2.6], R1q˜∗Q ≃ τ−1R1q∗Q. So by the projection formula [14, VII.2.4]
H1(Z,R1q∗Q) is in fact the E
1,0
2 -term of the Leray spectral sequence of τ computing H
1(Z˜,R1q˜∗Q). Hence
H1(Z,R1q∗Q) → H1(Z˜,R1q˜∗Q) is injective. 
Givenamorphismφ : M1 →M2 ofmixedHodge structures, let φ¯ : Gr
0
WM1 → Gr
0
WM2 denote the induced
morphism on the 0-th graded pieces. Recall that by the strictness of the weight filtration, if φ : H → M is a
morphism of mixed Hodge structures such that H is pure (in the sense thatW0H = H andW−1H = 0), then
φ(H) ≃ φ¯(H). This is a property that will be repeatedly used in the next paragraph concluding the proof of
Proposition 4.11.
Assume that α(K) , 0, then α¯(K) , 0 because K is a pure Hodge structure. As Y˜ → Y is proper and
surjective, β¯ is injective, so β¯(α¯(K)) , 0. Accordingly β(α(K)) , 0, so γ(β(α(K))) , 0 by Lemma 4.15, which
contradicts the definition of K. Hence α(K) = 0. As K → VZ˜0 is surjective, the map VZ˜0 → H
1(Z, ı∗LH/B) is
zero, which proves Proposition 4.11. 
Before we turn to the proof of Proposition 4.2, let us prove the following corollary of Proposition 4.6 and
Proposition 4.11 as an aside.
Corollary 4.16. — Let f : X → B be a locally Weierstraß fibration twisted by η ∈ H1(B,J WH/B) satisfying
Hypotheses 4.1 and let Z ⊂ B be a subvariety. Assume that Y := f−1(Z) → Z has a multi-section and Y → Z is not
preserved along any direction in the tautological family associated to η. Then X is already Moishezon.
Proof. — Since Y → Z is not preserved along any direction in the tautological family, the subspace VZ˜0
defined in Proposition 4.11 is zero. Now by Proposition 4.6, the subfamily of the tautological family
associated to f parameterized by VZ˜0 is an algebraic approximation of f . So X is already Moishezon. 
4.4 Proof of Proposition 4.2
The following proposition generalizes Proposition 4.11, in which locallyWeierstraß fibration is replaced
by G-equivariant tautological model (see 3.4), and the fibration f−1(Z) → Z is replaced by the formal
completion f−1(Z)
∧
→ Zˆ.
Proposition 4.17. — Let G be a finite group and f : X → B a G-equivariant tautological model associated to an
element ηG ∈ H1G(B,JH/B) satisfying Hypotheses 4.1. Let Z ⊂ B be a G-stable subvariety of B and Z0 := Z\∆. Let
ı˜0 : Z˜0
τ0
−→ Z0 ֒→ B be a G-equivariant log-dsingularization of (Z0,Z0 ∩ ∆) such that Z˜0 is projective. Then the
subfamily parameterized by
VG
Z˜0
:= ker
(
ı˜∗0 : H
1(B,LH/B) → H1(Z˜0, ı˜∗0LH/B)
)G
of the tautological family
Π : X
q
−→ B × V → V := H1(B,LH/B)
associated to f preserves G-equivariantly the completion f−1(Z)
∧
→ Zˆ of f along f−1(Z) → Z.
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Let us first prove some general results before we prove Proposition 4.17.
Lemma 4.18. — Let Π : X
q
−→ B × V → V be a deformation of a fibration f : X → B over a complex vector space
V and assume that q is flat. Let Z be a subvariety of B such that Y := f−1(Z) → Z is preserved by Π. Assume that
there exists a lattice Λ ⊂ V such that Xt is isomorphic to Xt+λ over B for all t ∈ V and λ ∈ Λ. Then the completion
Yˆ → Zˆ of X → B along Y → Z is also preserved by Π.
If moreover f is G-equivariant, Z is G-stable, and Π preserves G-equivariantly Y → Z for some finite group G,
then Π preserves G-equivariantly Yˆ → Zˆ as well.
Proof. — For the first statement, it suffices to prove by induction on n ∈ Z≥0 that the n-th order infinitesimal
neighborhood 1n : Yn → Zn of Y → Z is preserved byΠ. The case where n = 0 is covered by the assumption.
Assume that 1n−1 : Yn−1 → Zn−1 is preserved by Π. Let IZ ⊂ OB, IY ⊂ OX, I ⊂ OX , and It ⊂ OXt denote
the ideal sheaves of Z ⊂ B, Y ⊂ X, Y := q−1(Z × V) ⊂ X , and Yt ⊂ Xt respectively for every t ∈ V. Since q
is flat, we have
q∗pr∗1IZ = I
where pr1 : B × V → B is the first projection. Similarly,
1
∗
n−1(IZ |Zn−1) = IY |Yn−1 .
Let Yi denote the i-th infinitesimal neighborhood of Y in X for each i ∈ Z≥0, then we have q−1(Zi ×V) = Yi.
Therefore as Yn−1 → Zn−1 ×V → V is a family isomorphic to the constant family Yn−1 ×V → Zn−1 ×V → V
by the induction hypothesis, we have
I|Yn−1 = (q
∗pr∗1IZ)|Yn−1 ≃ π
∗
1
∗
n−1(IZ |Zn−1) = π
∗(IY |Yn−1) (4.6)
where π : Yn−1 × V → Yn−1 is the first projection. Recall that for every morphism of complex spaces T → S
and every sheaf G over T, there is a natural (e.g. functorial under pullback) one-to-one correspondence
between the set of square-zero extensions of T by G over S with Ext1
OT
(L•T/S,G ) [11, Satz 3.16] where L
•
T/S is
the cotangent complex of T over S. Let
F :=
(
I nY /I
n+1
Y
)
|Yn−1
.
According to (4.6), Yn is a square-zero extension of Yn−1 ≃ Yn−1 × V by π∗F over Zn × V ; let
ξ ∈ Ext1
OYn−1×V
(L•Yn−1×V/Zn×V, π
∗F ) ≃ Ext1
OYn−1×V
(π∗L•Yn−1/Zn , π
∗F ) ≃ Ext1
OYn−1
(L•Yn−1/Zn ,F ) ⊗H
0(V,OV)
be the corresponding element, which we regard as a holomorphic map
ξ : V → Ext1
OYn−1
(L•Yn−1/Zn ,F ).
Again by (4.6), for every t ∈ V, the fiber Yn,t of Yn → V over t is a square-zero extension of Yn−1,t ≃ Yn−1
by
(
I n/I n+1
)
|Yn−1,t
≃ F over Zn and by functoriality, this extension corresponds to the element ξ(t) ∈
Ext1
OYn−1
(L•Yn−1/Zn ,F ).
Since an isomorphism Xt ≃ Xt+λ over B restricts to an isomorphism Yi,t ≃ Yi,t+λ over Zi for each i ∈ Z≥0,
the fibers Yn,t and Yn,t+λ are isomorphic as square-zero extensions of Yn−1 by F over Zn. It follows that
ξ(t + λ) = ξ(t) for all t ∈ V and λ ∈ Λ, so ξ descends to a holomorphic map V/Λ → Ext1
OYn−1
(L•Yn−1/Zn ,F ).
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As V/Λ is a complex torus and Ext1
OYn−1
(L•Yn−1/Zn ,F ) a complex vector space, ξ is constant whose image
represents the square-zero extension Yn of Yn−1 by F over Zn. It follows that as square-zero extensions,
Yn = q−1(Zn × V) is isomorphic to Yn × V over Zn × V. So 1n : Yn → Zn is preserved by Π.
For the last statement, we prove again by induction on n that the isomorphism Yn ≃ Yn × V is in fact
G-equivariant. The case n = 0 is covered by the assumption. Suppose that the statement is proven for n− 1.
Since (Yn−1 ⊂ Yn) is isomorphic to (Yn−1 × V ⊂ Yn × V) the short exact sequences
0
(
I n/I n+1
)
|Yn
OYn OYn−1 0 (4.7)
0 π∗
(
I nY /I
n+1
Y
)
|Yn×V
OYn×V OYn−1×V 0. (4.8)
are isomorphic. As Y ⊂ X and Y ⊂ X are G-stable, their corresponding ideal sheaves IY ⊂ OX and
I ⊂ OX are also G-stable. So the extensions (4.7) and (4.8) are G-equivariant for the G-actions induced by
the G-actions on X and X × V. On the one hand, since the isomorphism Yn−1 ≃ Yn−1 × V is G-equivariant
by the induction hypothesis, the isomorphisms OYn−1 ≃ OYn−1×V and (4.6) are G-equivariant. So we can
pullback the G-action on (4.8) to aG-action on (4.7), which might induce a differentG-structure on OYn . But
on the other hand, since G is a finite group, we have
Ext1(OYn−1 , (I
n/I n+1)|Yn )
G
= Ext1G(OYn−1 , (I
n/I n+1)|Yn),
so the G-actions on OYn−1 and on (I
n/I n+1)|Yn determine uniquely the G-action on OYn . Therefore the two
G-actions on (4.7) are in fact the same. In other words, Yn ≃ Yn × V identifies the G-action on Yn and the
G-action on Yn × V. 
We can apply Lemma 4.18 to the tautological families of twisted locally Weierstraß fibrations.
Lemma 4.19. — In the setting of Proposition 4.11, let G be a finite group acting on B and onH in a compatible way.
Assume that f and ı˜0 : Z˜0 → B are G-equivariant. Then the subfamily
Π
G
Z˜0
: W G
Z˜0
q′
−→ B × VG
Z˜0
→ VG
Z˜0
of the tautological family associated to f parameterized by VG
Z˜0
preserves G-equivariantly the completion Yˆ → Zˆ of f
along Y := f−1(Z) → Z.
Proof. — By Lemma 4.7, there exists a latticeΛ ⊂ VZ˜0 such that t and t+λ parameterize isomorphic elliptic
fibrations inΠG
Z˜0
for every t ∈ VZ˜0 and λ ∈ Λ. By Proposition 4.11, the familyΠ
G
Z˜0
preservesG-equivariantly
Y → Z. As q′ is a locally Weierstrass fibration, q′ is flat. Applying Lemma 4.18 to the family ΠG
Z˜0
and the
fibration Y → Z contained in f yields Lemma 4.19. 
The next general result that we prove is the following.
Lemma 4.20. — Let f : X → B and 1 : Y → B be two fibrations where X, Y, and B are completions of reduced
complex spaces and assume that Y has only finitely many irreducible components. Letm : X → Y be a finite surjective
map over B. Let Π : X
q
−→ B × ∆→ ∆ and Π′ : Y
q′
−→ B × ∆→ ∆ be deformations of f and 1 over a connected base
∆.
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Suppose thatm can be extended to a finite surjective map µ : X → Y over B × ∆ and that for some open cover
{Ui} of B, the restriction µi = µ|Xi : Xi → Yi is isomorphic to mi × Id : Xi × ∆ → Yi × ∆ over B × ∆ where
Xi := q−1(Ui × ∆), Yi := q′−1(Ui × ∆), Xi :=Xi ∩ X, and Yi := Yi ∩ Y. Furthermore, assume that the restriction of
the isomorphism µi ≃ mi × Id to the central fiber Xi → Yi is the identity.
If Π′ is a trivial deformation of 1, then µ is isomorphic to m × Id : X × ∆ → Y × ∆ over B × ∆. In particular,
X → B × ∆ → ∆ is a trivial deformation. Moreover, let G be a group acting on X, Y, and B such that f , 1, and
m are G-equivariant and assume that Π, Π′, and µ preserve the G-action. Assume that {Ui} is G-invariant and the
isomorphisms µi ≃ mi × Id are G-equivariant as well. Then µ is G-equivariantly isomorphic tom × Id.
Proof. — It suffices to show that for every i and j, the isomorphisms φi : Xi ×∆
∼
−→ Xi and φ j : X j ×∆
∼
−→ X j
induced by µi ≃ mi × Id agree on the intersection Xi j × ∆ = (Xi ∩ X j) × ∆. Let Yi j = Yi ∩ Y j. Consider
the map ∆ → Aut(Xi j/Yi j) which associates t ∈ ∆ to the unique automorphism ψt : Xi j → Xi j satisfying
φi(x, t) = φ j(ψt(x), t). Asm : X → Y is finite and Xi j is reduced, Aut(Xi j/Yi j) is finite by the following lemma.
Lemma 4.21. — Let f : S → T be a finite morphism of formal complex spaces. Assume that S is a completion of a
reduced complex space and T has only finitely many irreducible components, then Aut(S/T) is finite.
Accordingly, t 7→ ψt is constant. Since the restriction of the isomorphism µi ≃ mi × Id to the central fiber
Xi → Yi is the identity, we have ψt = ψo = Id. Hence φi and φ j agree on Xi j × ∆. 
Proof of Lemma 4.21. — Let S =
⋃
i, j Si j be the decomposition of S into its irreducible components such that
f (Si j) = f (Si′ j′) if and only if i = i′. Since
Aut(S/T) ⊂
∏
i
Aut(∪ jSi j/ f (Si j)),
we can assume that T is irreducible and the image of each irreducible component of S is T. By [3, (3.5)], the
map ( f : S→ T) 7→ f∗OS defines an equivalence of categories between the category of finite formal complex
spaces over T and the category of coherent OT-algebras. As S is a completion of a reduced complex space,
S is also reduced due to the existence of resolution of singularities. So for every t ∈ T, ( f∗OS)t is a reduced
OT,t-algebra of finite type. It follows that the automorphism group AutOT,t (( f∗OS)t) of theOT,t-algebra ( f∗OS)t
is finite. Therefore, it suffices to show that the group homomorphism
Ψt : AutOT ( f∗OS) → AutOT,t(( f∗OS)t)
defined by the restriction is injective.
To this end, let 1 : S → S be an automorphism over T such that Ψt(1) = Id. The maps 1 and IdS : S → S
give rise to two elements
1, IdS ∈ HomOT ( f∗OS, f∗OS) ≃ HomOS( f
∗ f∗OS,OS)
where f∗OS is considered as a coherent sheaf over OT (instead of a coherent OT-algebra). Let
I := (1 − IdS)( f ∗ f∗OS) ⊂ OS.
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As Ψt(1) = Id, there exists a neighborhood U ⊂ T of t such that 1| f−1(U) is the identity. So I| f−1(U) = 0.
For every irreducible component Si of S, since f (Si) = T by assumption, the intersection Si ∩ f−1(U) is a
nonempty open subset of Si. Because I is an ideal sheaf and Si is reduced, it follows from I|Si∩ f−1(U) = 0
that I|Si = 0. So I = 0, hence 1 = IdS. 
Proof of Proposition 4.17. — Let Y := f−1(Z). It suffices to prove that
Yˆ := q−1(Zˆ × VG
Z˜0
) → Zˆ × VG
Z˜0
is G-equivariantly isomorphic to the product Yˆ ×VG
Z˜0
→ Zˆ×VG
Z˜0
of Yˆ → Zˆwith the identity Id : VG
Z˜0
→ VG
Z˜0
.
Assume that X = X
(
m; (ηi j), (η
1
i ); η
′
G
)
where
{
(ηi j), (η
1
i )
}
is a 1-cocycle representing ηG and m ∈ Z\{0} and
η′G ∈ H
1
G(B,J
W
H/B) are such that mηG can be lifted to η
′
G. We will use the construction of the tautological
family described in the proof of Proposition-Definition 3.16 and the notations therein.
LetΨ : Zˆ × VG
Z˜0
֒→ B × V be the product of Zˆ ֒→ B with VG
Z˜0
֒→ V and let
XˆZ,i j × VGZ˜0
XˆZ, ji × VGZ˜0
WˆZ,i j × VGZ˜0
WˆZ, ji × VGZ˜0
H′i j
µi×Id µ j×Id
Θ′i j
(4.9)
be the pullback of the left side of (3.12) byΨ. Let XˆZ,i = Xi ×B Zˆ and WˆZ,i =Wi ×B Zˆ. Let
W
q′
−→ B × V → V
be the tautological family associated to the locally Weierstraß fibration f ′ : W′ := Wη
′
→ B twisted by η′
where we recall that η′ is the image of η′G in H
1(B,J WH/B). By Lemma 4.19, the complex space obtained by
gluing the WˆZ,i×VGZ˜0
usingΘ′i j, which is Wˆ
′
Z := q
′−1(Zˆ×VG
Z˜0
) by construction, isG-equivariantly isomorphic to
Wˆ′Z×V
G
Z˜0
over Zˆ×VG
Z˜0
, where Wˆ′Z → Zˆ is the completion of f
′ : W′ → B along f ′−1(Z) → Z. Since XˆZ := X×B Zˆ
is a completion of X which is reduced and the finite map m|Yˆ : Yˆ → Wˆ
′
Z extending m|XˆZ : XˆZ → Wˆ
′
Z is
obtained by gluing the
µi × Id : XˆZ,i × VGZ˜0 → WˆZ,i ×V
G
Z˜0
using (4.9), by Lemma 4.20 Yˆ → Zˆ × VG
Z˜0
is G-equivariantly isomorphic to Yˆ × VG
Z˜0
→ Zˆ × VG
Z˜0
. 
Remark 4.22. — In both Proposition 4.11 and Proposition 4.17, the hypothesis that the total space of f is
in the Fujiki class C is unnecessary.
Combining Proposition 4.6 and Proposition 4.17, now we can prove Proposition 4.2.
Proof of Proposition 4.2. — Let Z0 = Z\∆ and ı˜0 : Z˜0 → Z0 ֒→ B be a G-equivariant log-desingularization of
(Z0,Z0 ∩ ∆). Then the subfamily Π′ of the tautological family associated to f parameterized by
V′ = ker
(
ı˜∗0 : H
1(B,LH/B)→ H1(Z˜0, ı˜∗0LH/B)
)G
is a deformation of f which is G-equivariantly locally trivial over B (Proposition-Definition 3.16.ii)) and
preserves G-equivariantly f−1(Z)
∧
→ Zˆ (Proposition 4.17).
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By Proposition-Definition 3.16, there exists a multiplication-by-m map m : X → W over B × V where
V := H1(B,LH/B) and X → B × V → V (resp. Π : W → B × V → V) denotes the tautological family
associated to f (resp. the minimal locallyWeierstraß fibration pη twisted by some element η ∈ H1(B,J WH/B)).
Since f−1(Z0) → Z0 has a multi-section, (pη)−1(Z0) → Z0 has a multi-section as well. By Proposition 4.6, the
subfamily of Π parameterized by V′ is an algebraic approximation of Wη. Since m is finite and surjective,
it follows that Π′ is an algebraic approximation of X. 
5 Algebraic approximations of elliptic fibrations over a projective variety
We will prove Theorem 1.2 in this section. The following proposition provides a general approach that
we will follow to proving the existence of algebraic approximations.
Proposition 5.1. — Let X be a compact complex variety and ν : X d X′ a bimeromorphic map. Suppose that
there exist a subvariety Y′ ⊂ X′ and an algebraic approximation X ′ → ∆ of X′ preserving the formal completion
Yˆ′ (3) of X′ along Y′ (cf. Definition 2.1) such that ν−1
|X′\Y′ is biholomorphic onto its image. Then X has an algebraic
approximation.
Proof of Proposition 5.1. — Let
X X˜ X′
µ′ ν′ (5.1)
be a minimal resolution of ν. Let Y := X\
(
ν−1(X′\Y′)
)
, namely Y is the subvariety of X such that the
restriction of ν to X\Y is biholomorphic onto X′\Y′. We have
E := µ′−1(Y) = ν′−1(Y′).
If Eˆ (resp. Yˆ and Yˆ′) denotes the completion of X˜ (resp. X and X′) along E (resp. Y and Y′), then Eˆ → Yˆ
and Eˆ → Yˆ′ are formal modifications. So their products Eˆ × ∆ → Yˆ × ∆ and Eˆ × ∆ → Yˆ′ × ∆ with the
identity Id : ∆→ ∆ are also formal modifications. By assumption, there exists an algebraic approximation
Y ′ ⊂ X ′
π′
−→ ∆ of the pair (Y′ ⊂ X′) such that the completion Yˆ ′ of X ′ along Y ′ is isomorphic to
Yˆ′ × ∆ over ∆. Therefore by [4, Theorem 9.1], there exist a bimeromorphic morphism ν˜ : X˜ → X ′ and a
subvariety E ⊂ X˜ mapping to Y ′ such that the restriction ν˜|X˜ \E : X˜ \E → X
′\Y ′ is an isomorphism
and the completion of ν˜ along E → Y ′ is isomorphic to Eˆ × ∆ → Yˆ′ × ∆. Similarly by [4, Theorem 8.1],
there exist a bimeromorphic morphism µ˜ : X˜ → X and a subvariety Y ⊂ X such that the restriction
µ˜|X˜ \E : X˜ \E → X \Y is an isomorphism where Y := µ˜(E ) and furthermore, the completion of µ˜ along
E → Y is isomorphic to Eˆ × ∆→ Yˆ × ∆. Let π˜ := π′ ◦ ν˜ : X˜ → X ′ → ∆. As E → Y , being isomorphic to
E×∆→ Y×∆, is a morphism over ∆, the map π˜ induces a map π : X → ∆. To sum up, we have a diagram
X X˜ X ′
∆
π
µ˜
π˜
ν˜
π′
(5.2)
of morphisms over ∆ containing (5.1) as a fiber over the point o ∈ ∆ parameterizing X′ in π′ : X ′ → ∆.
3. Usually the completion of X along a subvariety Y is denoted by Xˆ. In this text, since we want to keep track of the subvariety
along which the completion is done, we will often use the notation Yˆ instead of Xˆ.
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Now we show that π˜ and π are deformations of X˜ and X respectively. First we show that π˜ and π are
flat. For lack of a reference, we shall first prove the following infinitesimal criterion of flatness.
Lemma 5.2. — Let φ : S → T be a morphism between complex spaces and Σ ⊂ S an analytic closed subset. Let Σˆ
be the completion of S along Σ. Suppose that the induced map Σˆ→ T is flat, then φ is flat at every point p ∈ Σ ⊂ S.
Proof. — Let p ∈ Σ and let I ⊂ OS,p be the ideal defining Σ at p. Let OˆS,p be the I-adic completion of OS,p.
Since OS,p is Noetherian [13, p.44, Corollary], OS,p → OˆS,p is faithfully flat [29, Tag 00MC]. It follows that as
OT,φ(p) → OˆS,p is flat by assumption, OT,φ(p) → OS,p is also flat [29, Tag 0584]. 
On the one hand since Eˆ → ∆ is isomorphic to the projection Eˆ × ∆ → ∆, which is flat, by Lemma 5.2
the composition π˜ : X˜ → X → ∆ is flat at every point of E ⊂ X˜ . On the other hand as the restriction
µ|X˜ \E : X˜ \E → X \Y is an isomorphism and X \Y → ∆ is flat, the restriction of π˜ to the Zariski open
X˜ \E is also flat. Hence π˜ is flat everywhere. A similar argument shows that π is flat as well.
Let X˜o (resp. Xo) denote the central fiber of π˜ (resp. π). The restriction X˜o → X′ of ν˜ : X˜ → X ′ to X˜o
is a modification of X′, whose completion along the exceptional locus is isomorphic to Eˆ → Yˆ′. So by the
uniqueness of extensions of formal modifications [4, Theorem 9.1], the restriction of ν˜ to X˜o is isomorphic
to ν : X˜ → X′. Thus π˜′ : X˜ ′ → ∆ is a deformation of X˜′. A similar argument (in which we apply [4,
Theorem 8.1] instead of [4, Theorem 9.1]) shows that the restriction of µ˜ to X˜o is isomorphic to µ : X˜ → X.
Thus π : X → ∆ is a deformation of X. Finally since π′ : X ′ → ∆ is an algebraic approximation of X′, we
conclude that π is an algebraic approximation of X. 
Proof. — LetX be a compact Kähler manifold bimeromorphic to the total space of an elliptic fibration over
a projective variety. We will first construct bimeromorphic maps
X X′/G X/G
µ τ¯
such that τ¯ satisfies the hypothesis of Proposition 5.1.
Lemma 5.3. — There exist a compact complexmanifoldX′, a finite groupG acting on it, a G-equivariant tautological
model f : X → B satisfying Hypotheses 4.1, and bimeromorphic maps
X X′/G X/G
µ τ¯
such that µ is holomorphic and τ¯ is the quotient of a G-equivariant bimeromorphic map τ : X′ d X satisfying
the following property : There exists a G-stable subvariety Z ⊂ B containing ∆ such that f−1(Z\∆) → Z\∆ has a
multi-section and τ−1
|X\ f−1(Z)
is biholomorphic onto its image.
Proof. — The proof of Lemma 5.3 consists of several steps.
Step 1 :X is bimeromorphic to X0/Gwhere G is a finite group and X0 is the total space of a G-equivariant tautological
model f0 : X0 → B0 satisfying Hypotheses 4.1.
Let 1¯ : X¯′ → B¯0 be an elliptic fibration over a projective variety B¯0 such that X¯′ is bimeromorphic to X.
Let ∆¯0 ⊂ B¯0 be the discriminant locus of 1¯. Up to base changing 1¯ with a log-desingularization of (B¯0, ∆¯0),
we can assume that B¯0 is smooth and ∆¯0 a simple normal crossing (SNC) divisor. Since 1¯ is a smooth elliptic
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fibration over a nonempty Zariski open of B¯0, up to replacing X¯′ with a minimal Kähler desingularization
of it, we can assume that X¯′ is a compact Kähler manifold and 1¯ remains an elliptic fibration.
Since X¯′ is a compact Kähler manifold and B¯0 is smooth, 1¯ is locally projective [24, Theorem 3.3.3]. So
there exists a Galois cover r0 : B0 → B¯0 such that the base change 1 : X′ := X¯′ ×B¯0 B0 → B0 of 1¯ is an
elliptic fibration over a projective manifold B0 whose discriminant locus r−10 (∆¯0) is an SNC divisor and
1 has local meromorphic sections at every point of B0 [10, Proposition 3.11]. Let ∆0 ⊂ r−10 (∆¯0) ⊂ B0 be
the discriminant divisor of the minimal Weierstraß fibration associated to 1. As 1 is locally projective, the
local monodromies of the local system H0 := (R11∗Z)|B0\∆0 around ∆0 are quasi-unipotent. By Kawamata’s
unipotent reduction [15, Corollary 18], we can further assume that the Galois cover r0 : B0 → B¯0 we take is
such that the localmonodromies ofH0 around∆0 are unipotent and (B0,∆0) remains a log-smooth projective
pair.
Since 1 : X′ → B0 has local meromorphic sections at every point of B0, we can apply Lemma-
Definition 3.13 and obtain a G-equivariant tautological model f0 : X0 → B0 of 1 where G := Gal(B0/B¯0).
So X0/G is bimeromorphic to X′/G, which is further bimeromorphic to X. As the discriminant locus of
f0 : X0 → B0 is ∆0 by Lemma 3.14 and (B0,∆0) is a log-smooth projective pair, f0 satisfies i) and iii) in
Hypotheses 4.1. Since f0 is bimeromorphic to 1 and 1 satisfies ii) and iv) in Hypotheses 4.1, so does f0. 
Step 2 : There exist a sequence of blow-ups
Xn → · · · → X0 (5.3)
along G-stable subvarieties Ci ⊂ Xi which do not dominate B0 and a bimeromorphic morphism µn : Xn/G→ X.
By Step 1, we have a bimeromorphic map φ : X¯0 := X0/Gd X. Let
X¯n → · · · → X¯0 (5.4)
be a sequence of blow-ups and φ′ : X¯n → X a (bimeromorphic) morphism resolving φ. As X0 is normal by
Lemma 3.14, so is the finite quotient X¯0. Thus the indeterminacy locus of φ is of codimension at least 2. As
dim B¯0 = dim X¯0 − 1, we may assume that the blow-up centers C¯i ⊂ X¯i of (5.4) do not dominate B¯0.
We construct by induction the blow-up sequence (5.3) together with G-equivariant morphisms qi : Xi →
X¯i (where X¯i is endowedwith the trivialG-action) such that the quotients q¯i : Xi/G→ X¯i are bimeromorphic.
For i = 0, we define q0 : X0 → X¯0 to be the quotient map, so q¯0 is the identity. Suppose that Xi and qi are
constructed and q¯i is known to be bimeromorphic. Let Ci := q−1i (C¯i). We define Xi+1 → Xi to be the blow-up
of Xi along Ci. As qi is G-equivariant, Ci is G-stable. Since C¯i does not dominate B¯0, Ci does not dominate B0.
The universal property of blowing up provides a G-equivariant map qi+1 : Xi+1 → X¯i+1 and a commutative
diagram
Xi+1 Xi
X¯i+1 X¯i
qi+1 qi (5.5)
where the horizontal arrows are the blow-ups along Ci and C¯i respectively. As q¯i is bimeromorphic, q¯i+1 is
also bimeromorphic. it follows that the map µn defined by
µn := φ′ ◦ q¯n : Xn/G → X¯n → X
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is bimeromorphic as well. 
Step 3 :We construct by induction starting from i = 0 a sequence of G-equivariant blow-ups
ν : Bn
νn−1
−−→ · · ·
ν0
−→ B0
and G-stable subvarieties Zi ⊂ Bi containing the pre-images ∆i ⊂ Bi of ∆0 ⊂ B0 and satisfying the following
properties.
i) The induced G-equivariant meromorphic map fi : Xi d Bi is almost holomorphic and well-defined over Bi\Zi,
which is nonempty.
ii) Let f ′i : X
′
i := X0 ×B0 Bi → Bi be the base change of the fibration f0 : X0 → B0. Then f
′
i is a smooth elliptic
fibration over Bi\Zi and f ′i
−1(Zi\∆i) → Zi\∆i has a multi-section.
iii) The map fi is G-equivariantly biholomorphic to f ′i over Bi\Zi.
For i = 0, we set Z0 = ∆0 and the three properties above hold obviously. Assume that the blow-up
νi−1 : Bi → Bi−1 and Zi are constructed and satisfy the properties listed above. Let C′i be the union of the
irreducible components of the blow-up center Ci ⊂ Xi of Xi+1 → Xi that are of the form f−1i (Σ\Zi) for
some subvariety Σ ⊂ Bi ; we write Ci = C′i ∪ C
′′
i where C
′′
i is the union of the irreducible components of Ci
complementary to C′i . We define νi : Bi+1 → Bi to be the blow-up of Bi along fi(C
′
i )
(4) and
Zi+1 := ν−1i (Zi ∪ fi(C
′′
i )).
Obviously, Zi+1 contains ∆i+1. As Ci and Zi are G-stable, C′i and C
′′
i are G-stable as well. Thus the blow-up
center fi(C′i ) of νi and Zi+1 are also G-stable.
As fi is biholomorphic to f ′i over Bi\Zi and f
′
i is a smooth elliptic fibration over Bi\Zi, themap fi : Xi d Bi
is flat overBi\(Zi∪ fi(C′′i )). Since blowingup commuteswithflat base change,wehave the following cartesian
diagram
X⋆i+1 :=
˜
fi
−1
(
Bi\(Zi ∪ fi(C′′i ))
)
fi
−1
(
Bi\(Zi ∪ fi(C′′i ))
)
Bi+1\Zi+1 Bi\(Zi ∪ fi(C′′i ))
fi
νi
(5.6)
where the upper horizontal arrow is the blow-up of the Zariski open fi
−1
(
Bi\(Zi ∪ fi(C′′i ))
)
⊂ Xi along
fi
−1
(
fi(C′i )\(Zi ∪ fi(C
′′
i ))
)
= C′i\ fi
−1(Zi ∪ fi(C′′i )) = Ci\ fi
−1(Zi ∪ fi(C′′i )) = Ci ∩ fi
−1
(
Bi\(Zi ∪ fi(C′′i ))
)
. (5.7)
Here, the first equality of (5.7) follows from the assumption that irreducible components of C′i are of the
form f−1i (Σ\Zi). Recall that Xi+1 is the blow-up of Xi along Ci, so X
⋆
i+1 is a Zariski open of Xi+1 and the left
vertical arrow is the restriction of fi+1 to X⋆i+1. As X
⋆
i+1 → Bi+1\Zi+1 is proper, fi+1 is almost holomorphic and
well-defined over Bi+1\Zi+1. As Ci ⊂ Xi does not dominate Bi by Step 2, we have Bi+1\Zi+1 , ∅, which shows
i). Since (5.6) is cartesian and by the induction hypothesis, the right vertical arrowof (5.6) isG-equivariantly
isomorphic to the base change
X0 ×B0
(
Bi\(Zi ∪ fi(C′′i ))
)
→ Bi\(Zi ∪ fi(C′′i ))
4. For any subvariety Y ⊂ Xi, fi(Y) is defined as fi
(
Y ∩ fi
−1(Bi\Zi)
)
, which is well-defined since fi is holomorphic over Bi\Zi. In
particular fi(Y) is empty if and only if Y ⊂ fi
−1(Zi).
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of f0 : X0 → B0, iii) holds.
As for ii), since f0 is smooth over B0\Z0 and Zi+1 contains the pre-image of Z0, the elliptic fibration f ′i+1
is smooth over Bi+1\Zi+1. Since Zi+1 = ν−1i (Zi ∪ fi(C
′′
i )) and f
′
i+1 is the base change of f
′
i by νi : Bi+1 → Bi, it
suffices to show that f ′−1i (Zi\∆i) → Zi\∆i and f
′−1
i ( fi(C
′′
i ))→ fi(C
′′
i ) havemulti-sections. The former holds by
the induction hypothesis. As for the latter, we have to show that for every irreducible component Y′′ of C′′i ,
if Z′′ := fi(Y′′) (which we can assume to be nonempty, namely Z′′ 1 Zi), then the fibration f ′−1i (Z
′′) → Z′′
has a multi-section. Over the dense Zariski open Z′′\Zi of Z′′, the map f ′i
−1(Z′′) → Z′′ is isomorphic to the
almost holomorphic map f−1i (Z
′′) := f−1i (Z
′′\Zi) d Z′′. In particular, fibers of f−1i (Z
′′) d Z′′ over Z′′\Zi
are elliptic curves. So if Y′′ is not a multi-section of f−1i (Z
′′) d Z′′, then Y′′ = f−1i (Z
′′\Zi), which would
be an irreducible component of C′i and yield a contradiction. Accordingly, the image of Y
′′ in f ′i
−1(Z′′) is a
multi-section of f ′i
−1(Z′′)→ Z′′. 
Step 4 : Construction of the G-equivariant tautological model f : X → B.
Let ν′ : (B,∆) → (Bn,∆n) be a G-equivariant log-resolution of singularities [1] of the pair (Bn,∆n), where
we recall that∆n ⊂ Bn is the pre-imageof∆0 ⊂ B0, the discriminant locus of f0 : X0 → B0. Let f : X → B be the
G-equivariant tautological model associated to the G-equivariant elliptic fibration X0 ×B0 B = X
′
n ×Bn B → B
by virtue of Lemma-Definition 3.13. Since ∆ = (ν ◦ ν′)−1(∆0) is a normal crossing divisor and the local
monodromies of H0 around ∆0 are unipotent, by Lemma 3.5 the pullback of the minimal Weierstraß
fibration associated to H0 by ν ◦ ν′ is still a minimal Weierstraß fibration. Therefore by Lemma 3.14, the
discriminant locus of f is ∆. As (B,∆) is log-smooth and projective, f satisfies i) and iii) in Hypotheses 4.1.
Since f is the pullback of f0 by ν ◦ ν′ and f0 satisfies ii) and iv) in Hypotheses 4.1, so does f . 
Step 5 : Construction of the G-stable subvariety Z ⊂ B and the end of the proof of Lemma 5.3.
Let Z := ν′−1(Zn). As ∆n ⊂ Zn, we have ∆ ⊂ Z. Since f ′−1n (Zn\∆n) → Zn\∆n has a multi-section by Step 3
and f is bimeromorphic to X′n ×Bn B → B over B\∆, the fibration f
−1(Z\∆) → Z\∆ has a multi-section.
Let f ′′n : X
′′
n → Bn be a G-equivariant minimal resolution of the G-equivariant meromorphic map fn :
Xn d Bn and let f ′′ : X′′ := X′′n ×BnB→ B be the base change of f
′′
n . As the resolution isminimal andXn d Bn
is almost holomorphic and well-defined over Bn\Zn, the map f ′′n is (G-equivariantly) biholomorphic to fn
over Bn\Zn, which is further (G-equivariantly) biholomorphic to f ′n over Bn\Zn by Step 3. It follows that the
induced bimeromorphic map α : X′′ d X0×B0 B is biholomorphic over B\Z. In particular, f
′′−1(B\Z)→ B\Z
is a smooth elliptic fibration because f0 : X0 → B0 is smooth over B0\∆0 and (ν ◦ ν′)−1(∆0) = ∆ ⊂ Z.
Therefore the singular locus of X′′ is contained in f ′′−1(Z), so if µ′ : X′ → X′′ is a G-equivariant minimal
desingularization of X′′, then µ′ is biholomorphic over B\Z. By Lemma 3.15, there exists a G-equivariant
bimeromorphic map β : X0 ×B0 Bd X over B that is biholomorphic over B\∆ ⊃ B\Z. Thus if we define the
bimeromorphic map τ in the statement of Lemma 5.3 to be the composition of the bimeromorphic maps
τ : X′ X′′ X0 ×B0 B X,
µ′ α β
then as α, β, and µ′ are G-equivariant and biholomorphic over B\Z, so is τ. Hence τ satisfies the desired
property in Lemma 5.3.
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Finally we define the holomorphic map µ in the statement of Lemma 5.3 to be the composition of the
bimeromorphic morphisms
µ : X′/G
µ′/G
−−−→ X′′/G→ X′′n /G → Xn/G
µn
−→ X,
where the second arrow is the quotient by G of the projection X′′ = X′′n ×Bn B → X
′′
n and the third arrow the
quotient of the G-equivariant resolution X′′n → Xn of the map Xn d Bn introduced in Step 4. 
By Lemma 5.3 we have a diagram
X X′/G X/G
µ τ¯
where both arrows are bimeromorphic. Since X′/G is a finite quotient of a complex manifold, it has at
worst rational singularities [5, Corollaire]. As X is smooth, we have µ∗OX′/G = OX and R1µ∗OX′/G = 0. It
follows from [27, Theorem 2.1] that if X′/G has an algebraic approximation, then it induces an algebraic
approximation of X. Since Z is G-stable and f is G-equivariant, Y := f−1(Z) is also G-stable. As τ−1
|X−Y is
biholomorphic onto its image, so is τ¯−1
|(X/G)−(Y/G). Thus by Proposition 5.1, it suffices to prove that there exists
an algebraic approximation of X/G preserving the completion Y/G
∧
of X/G along Y/G.
Since f : X → B is a G-equivariant tautological model satisfying Hypotheses 4.1 and since f−1(Z\∆) →
Z\∆ is a fibration over a G-stable subvariety of B which has a multi-section by Lemma 5.3, according to
Proposition 4.2 there exists an algebraic approximation
Π : X
q
−→ B × V′ → V′
of f : X → B which is G-equivariantly locally trivial over B and preserves G-equivariantly the completion
Yˆ → Zˆ of f along Y := f−1(Z) → Z. By Lemma 2.3, the quotient X /G → V′ of Π is an algebraic
approximation of X/G. As Yˆ is G-equivariantly preserved by Π, we have a G-stable subvariety Y ⊂ X
along which the completion Yˆ of X is G-equivariantly isomorphic to Yˆ × V′ over V′. So
Y /G
∧
≃ Yˆ /G ≃ (Yˆ/G) × V′ ≃ Y/G
∧
× V′
over V′, where Y /G
∧
is the completion of X /G along Y /G. It follows that the quotient X /G → V′ of
X → V′ is an algebraic approximation ofX/G preservingY/G
∧
, which finishes the proof of Theorem 1.2. 
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